Quasi-Topological Phases of Matter and Topological Protection 
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We discuss systems which have some, but not all of the hallmarks of topological phases. These systems' 
topological character is not fully captured by a local order parameter, but they are also not fully described at 
low energies by topological quantum field theories. For such systems, we formulate the concepts of quasi- 
topological phases (to be contrasted with true topological phases), and symmetry-protected quasi-topological 
phases. We describe examples of systems in each class and discuss the implications for topological protection of 
information and operations. We explain why topological phases and quasi-topological phases have greater sta- 
bility than is sometimes appreciated. In the examples that we discuss, we focus on Ising-type (a.k.a. Majorana) 
systems particularly relevant to recent theoretical advances and experimental efforts. 

PACS numbers: 



I. INTRODUCTION AND SUMMARY 

Topological phases of matter^ have been the subject of 
intense interest because they represent new phases of mat- 
ter which may support anyons^Ti^ or their generalizations and 
could have potential use for fault-tolerant quantum computa- 
tion^~^^. When a system that is in a topological phase is on 
a manifold E, it has a set of orthonormal "pseudo-ground" 
states I a), a = 1, 2, . . . , A^^], which includes the absolute 
ground state of the system. These pseudo-ground states sat- 
isfy 
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(which is why we do not simply refer to them all as ground 
states), where L is the system size and ^ is the correlation 
length of the system, which is finite in the limit L — > oo. 
These states are separated from the rest of the spectrum by an 
energy gap A that remains non-zero in the limit that the sys- 
tem size 1/ oo. Thus, these pseudo-ground states form an 
A^E -dimensional degenerate ground state subspace in the ther- 
modynamic limit. In a topological phase, N^, depends only on 
the topological configuration of the system, e.g. genus, num- 
ber of boundaries, and boundary conditions. Furthermore, for 
any local operator ^, 

(a|(/)|6)=C(5,5 + 0(e-^/^) (2) 

where C is a constant independent of a, 6. Since the Hamil- 
tonian is a sum of local operators, the statement that the en- 
ergy splitting between ground states is 0(e~^/'^) is redundant, 
since it follows from Eq. (O. Perturbations at frequencies 
much smaller than A (including, of course, static perturba- 
tions) can be described effectively at long times as perturba- 
tions acting entirely within the pseudo-ground state subspace 
Ho = span{|l), . . . , If they are local, such pertur- 

bations cannot, up to exponential accuracy, cause transitions 
between states, according to Eq. ©. At most, the state of 
the system can acquire an overall phase. Thus, quantum in- 
formation encoded in this pseudo-ground state subspace is 
"topologically protected" at zero temperature in the thermo- 
dynamic limit. At non-zero temperature, the error rate T is 
exponentially suppressed by the gap, T ~ e~^l^ . 



A system that satisfies the properties listed above is de- 
scribed by a topological quantum field theory (TQFT)^^ In 
particular, the low-energy degrees of freedom at long dis- 
tances are described by an effective theory in which the de- 
grees of freedom are entirely topological, i.e. they depend 
only on global properties of the system (with no dynami- 
cal degrees of freedom nor geometry/metric dependence). A 
TQFT encapsulates the properties of the low-energy states of 
a topological phase on an arbitrary manifold in the limit that 
^ ^ and A ^ oo or, equivalently, for 1/^ and A finite 
(and positive), but at length scales x ^ £^ and energy scales 
(5£^o <C <C A. These inequalities must be satisfied for 
the following reasons. The topological properties dominate 
short-ranged interactions only at length scales larger than the 
correlation length ^. Moreover, all processes must be per- 
formed at frequencies large enough that the system does not 
notice the finite-sized splitting between pseudo-ground states, 
but small enough that quasiparticles are not excited. Topolog- 
ical phases and TQFTs can exist in any spacetime dimension, 
but we will usually focus on the case of two spatial dimen- 
sions (plus one time dimension) in this paper. A TQFT also 
describes the topological properties (e.g. braiding statistics) 
of quasiparticles, which appear in the theory either through 
Wilson lines (which represent quasiparticles' worldlines) and 
higher-dimensional analogues or, equivalently, by considering 
ground states on manifolds with punctures/boundaries. 

The latter point of view - that topologically non-trivial ex- 
cited states can be understood by studying pseudo-ground 
states in the presence of punctures (with appropriate bound- 
ary conditions at those punctures corresponding to the type 
of quasiparticle) - is very similar to Laughlin's original con- 
struction of fractionally-charged quasiparticles in the quan- 
tum Hall effect by threading flux through the hole in an an- 
nulusi^i^. Thus, the notion of topological degeneracy of the 
pseudo-ground state subspace naturally includes the degener- 
ate (nonlocal) anyonic state space of non-Abelian anyons"*"^. 
In this case, the corrections in Eq. ^ will be 0(6"^/*^), 
where r is the distance separating boundaries/quasiparticles. 
These exponentially-suppressed corrections are due to non- 
universal corrections to the topological theory (i.e. physics 
beyond the TQFT) that result in tunneling of topological ex- 
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citations either around non-trivial cycles or between bound- 
aries/quasiparticles. These processes generically result in en- 
ergy splittings that fully resolve the degeneracies^^. Trans- 
formations of the manifold that leave the topology unchanged 
are realized by unitary transformations acting on the (finite- 
dimensional) Hilbert space of pseudo-ground states. Transfor- 
mations that are continuously connected to the identity are re- 
alized trivially, but those which are not connected to the iden- 
tity are realized by non-trivial unitary transformations. For 
instance, on the plane with n punctures, these unitary trans- 
formations form a representation of the n- strand braid group. 
Two-dimensional [(2 + 1)-D] TQFTs are very tightly con- 
strained by self-consistency (see, for instance. Appendix E of 
Ref.dil). Therefore, if a system is in a topological phase, as 
defined above, then its properties can be predicted by a dis- 
crete mathematical structure with very few "free" parameters. 
Such systems have been proven to be stable against small per- 
turbations. In particular, "Ocneanu rigidity" establishes that 
the algebraic structure of a TQFT is rigid which implies 
that the topological properties are unchanged by small pertur- 
bations of the Hamiltonian that do not close the gap. More- 
over, it has also been established that the energy gap in a topo- 
logical phase of any quantum spin Hamiltonian does not close 
for sufficiently small perturbationsi^~i22. 

Many model Hamiltonians are in topological phases and 
satisfy the definition given above. However, this begs the 
question: do actual physical systems ever satisfy the definition 
of a topological phase? Real solids are never fully gapped. 
At the very least, they will have gapless phonons and, usu- 
ally, gapless photons. These gapless excitations can modify 
some of the predictions of TQFTs while leaving others intact. 
Therefore, it is important to exercise caution in applying the 
abstract concept of a topological phase and its mathematical 
formulation as a TQFT to real systems. 

Phonons, photons, and other gapless excitations are usually 
not included in model Hamiltonians because they are viewed 
as inessential to the basic physics. One might adopt the per- 
spective that the "system" is some subset of the degrees of 
freedom in a solid (only the spins, for instance) which satis- 
fies the definition of a topological phase while the remaining 
degrees of freedom constitute the "environment" which per- 
turbs the system. From this perspective, we can state our basic 
problem as: what happens when a system that is in a topologi- 
cal phase is perturbed by coupling it (either at its boundary ; at 
an interior point; or even everywhere in its interior) to another 
system that has gapless excitations? The "other system" may 
be intrinsic to the solid (e.g. phonons); partly intrinsic and 
partly extrinsic (e.g. photons); or even completely external 
(e.g. a metallic lead or gate). This situation is not addressed by 
studies of perturbations which act entirely within the Hilbert 
space of the "system"—"—. If, instead, we view the entire solid 
with all of its degrees of freedom as our system, we can, alter- 
natively, phrase the problem as: can a system with gapless ex- 
citations retain some aspects of topological phases that remain 
stable against small perturbations, and how should we classify 
such systems? This formulation includes a somewhat broader 
class of systems, since it includes not only those which can 
be divided (however unnaturally) into a gapped topological 



phase and a gapless "environment," but also systems which 
necessarily have gapless excitations as part and parcel of their 
topological character. As we will see, such systems can be di- 
vided into quasi-topological phases and symmetry-protected 
quasi-topological phases, which have different degrees of sta- 
bility to perturbations. In this paper, we will discuss these 
classes in detail, together with examples, and the extent to 
which they are robust and can protect quantum information. 
True topologi cal p hases are reviewed in many papers (see, for 
instance, Ref. IiqI and references therein), but we will briefly 
recapitulate their properties and the extent to which they are 
robust before discussing the more subtle cases of the various 
types of quasi-topological phases. For other approaches to 
the stability of topological properties of some widely- studied 
many-body systems, see Refs. [2ll - [24l . 

It is useful to summarize by stating the definitions here. We 
have already stated the definition of a topological phase. It is 
worth noting that topological phases can also be defined for 
systems in the presence of disorder, by appropriately modify- 
ing the definition, which we also include. 

Definition (Topological Phase with Disorder): A system 
is in a topological phase if there is an energy A and a length 
^, which, respectively, have a strictly positive limit and a fi- 
nite, non-negative limit as L oo, such that the following 
properties hold. On a manifold E, there is a set of orthonor- 
mal energy eigenstates |a), where a G {1,2,..., Nj^}, with 
energies Ea < A, including the absolute ground state |1) of 
the system (which, without loss of generality, we take to have 
energy Ei =0). Nj] depends only on the topological config- 
uration of the system. For any local operator (j), 

(a|(/)|6) =C(5a5 + 0(e-^/^), (3) 

where C is a constant independent of a, 6 G {1,2,..., Nj^}. 
All other states with energies less than A are localized excita- 
tions of states in Hq = span{|l), . . . , |A^s)}. 

The notion of localized excitations of states will be defined 
and explained in Section HiTbI 

We note that it follows (nontrivially) from this definition 
that the pseudo-ground state subspace of such a system is de- 
scribed by a TQFT (as does that of a non-disordered topolog- 
ical phase). 

Definition (Quasi-Topological Phase): A system is in a 
quasi-topological phase if there is an energy A and a length 
^, which, respectively, have a strictly positive limit and a fi- 
nite, non-negative limit as L oo, such that the following 
properties hold. 

(i) On a manifold S, there is a set of orthonormal energy 
eigenstates |a), where a G {1,2,..., Nj^}, including the ab- 
solute ground state |1) (with energy Ei = 0), such that for 
any local operator (j), 

(a|(/)|6)=CJ,5 + 0(e-^/^) (4) 

for a, 6 G {1,2,..., N^}, where C is independent of a, b. 
The Hamiltonian is a particular local operator, so it follows 
that 

(5^0 =max(|^,|) =0(e-^/^) (5) 
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for a G {1,2,..., N^}, where Ea is the energy of the state 
\a). 

(ii) Ny] depends only on the topological configuration of 
the system. 

(iii) We define 

n = mm{\E^-Ea\) (6) 

for any a e {1, 2, . . . , TV^} and |x) ^ Ho = 
span {|1), . . . , |A^s)}. Then, there must exist a finite z > 
and an L-independent > such that 

n - f^L-\ (7) 

(iv) There are no states with energy less than A that have 
topologically nontrivial excitations. 

The notion of topologically nontrivial excitations will be 
defined and explained in Section HVl 

When we consider different examples of quasi-topological 
phases, we will note that some of them have the property that, 
at energy scales E between the pseudo-ground states and the 
gapless excitations, SEq <C £^ <C 1^, they exhibit the charac- 
teristic behavior of a topological phase. For any fixed large 
system size L, there is no difference between such a quasi- 
topological phase and a topological phase, with Q playing 
the role of the gap. Furthermore, at energies less than A, 
the topological and gapless degrees of freedom are essentially 
decoupled. We will adopt the heuristic term "strong quasi- 
topological" for such phases. We note that if 2: = 0, then the 
system is in a topological phase (and hence is also "strong"). 

Definition (Symmetry-Protected Quasi-Topological 
Phase): A system is in a symmetry-protected quasi- 
topological phase associated with a symmetry group G if 
there is an energy A and a length scale ^ which, respectively, 
have a strictly positive limit and a finite, non-negative limit as 
L ^ 00, such that the following properties hold. 

(i) On a manifold S, there is a set of orthonormal energy 
eigenstates |a), where a G {1,2,..., Nj^}, including the ab- 
solute ground state |1) (with energy Ei = 0), such that for 
any local operator (j) that is invariant under the group G 

(a|0|6) =C(5a5 + 0(e-^/^) (8) 

for a, 6 G {1,2,..., N^}, where C is independent of a, b. 
For operators which are not invariant under G, the corrections 
will be bounded below by aL~^ for some nonzero coefficient 
a and finite non-negative exponent (. 

The Hamiltonian is a particular local operator that is invari- 
ant under the group G, so it follows that 

=max(|^,|) =0(e-^/^) (9) 

for a G {1,2,..., Nj:}, where Ea is the energy of the state 
\a). 

(ii) Ny] depends only on the topological configuration of 
the system. 

(iii) We define 

n = mm{\E^ -Ea\) (10) 



for any a G {1, 2, . . . , A^^} and |x) ^ Ho = 
span{|l), . . . , lA's)}. Then, there must exist a finite 2; > 
and an L-independent k, > such that 

n^K.L-\ (11) 

(iv) There are no states with energy less than A that have 
topologically nontrivial excitations. 

The organization of the paper is as follows: 

In Section [III we define various length scales of system to 
make precise the notion of keeping these lengths long for the 
purposes of topological protection and for taking thermody- 
namic limits. 

In Section ITlI Ai for the sake of concreteness, we give two 
examples of topological phases of a physical system. We ex- 
plain why it is nearly impossible to realize such a system in 
nature. If one could be realized, however, it would be incred- 
ibly stable against all types of weak local perturbations and, 
therefore, would topologically protect quantum information. 

In Section IIIIBl we consider the modification of topologi- 
cal phases for systems that include disorder. We provide ex- 
amples and a precise definition for a localized excitation of a 
state and the resulting definition of a topological phase with 
disorder. 

In Section Hvl we explain how the structure of a TQFT 
arises in the low energy spectrum of topological phases. 

In Section |Vl we consider quasi-topological phases. In 
Section IV Al we consider a few examples that will prove to 
be strong quasi-topological phases. These phases represent 
the least impactful modification to a topological phase by the 
inclusion of gapless degrees of freedom, since they essen- 
tially preserve the full TQFT structure. We show that strong 
quasi-topological phases are nearly as robust as topological 
phases and protect quantum information nearly as well. The 
class of strong quasi-topological phases includes all topologi- 
cal phases as a subclass. 

In Section IV B[ we discuss and explain the general defini- 
tion of a quasi-topological phase (given above). Since vir- 
tually all physical systems have gapless excitations of some 
kind, this is the generic case of a putative topological phase. 
A quasi-topological phase does not, in general, exhibit the 
full TQFT structure of a topological phase (as does a strong 
quasi-topological phase). Nevertheless, it protects quantum 
information against a wider class of perturbations than is of- 
ten appreciated, including coupling to external gapless elec- 
trons. The class of quasi-topological phases includes all 
strong quasi-topological phases as a subclass. 

In Section IV CI we consider quantum Hall states in elec- 
tronic systems and demonstrate that they are quasi-topological 
phases which are not strong. We find that some quantum Hall 
states preserve a "strong subsector," i.e. a subsector which 
retains its TQFT structure (as in a strong quasi-topological 
phase). 

In Section [Vll we define and discuss electron-parity 
protected and other symmetry-protected quasi-topological 
phases, for which topological superconductors are an exam- 
ple. These phases behave as quasi-topological phases, as long 
as the symmetry is preserved. In particular, for superconduc- 
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tors, electron parity must be preserved, which necessitates iso- 
lation from gapless electrons. 

In Section IVIII we discuss how these various classes of 
quasi-topological phases can be used to protect quantum in- 
formation. We compare the ability to topologically protect 
quantum information for these various classes and contrast 
this to the protection given by "conventional" qubits. 

Finally, in Section I Villi we discuss some of the implica- 
tions. 



II. MACROSCOPIC LENGTH SCALES OF THE SYSTEM 

In this paper, we will be concerned with the scaling of vari- 
ous properties as the system size is taken to infinity. In dis- 
cussing this limit, we will make reference to three classes 
of length scales characterizing the macroscopic configuration 
of the system on the manifold S (which we assume to be 
path-connected and compact): "system sizes," "separations 
between boundaries," and "winding lengths." 

We define the size Cm of a manifold M to be 

Cm = iiiax {d{x^y)} (12) 

where d{x^ y) is the length of the shortest curve in M connect- 
ing points X and y. For the system of interest on manifold E, 
we will refer to Cy, as the system size. We often consider one- 
dimensional or two-dimensional systems that are embedded 
in three-dimensional systems, in which case it may be useful 
to consider other length scales, such as the size of the three- 
dimensional manifold in which the manifold E is embedded. 
We will define these as needed. 

When the manifold S has n distinct connected boundary 
components . . . , 9^^, we define the separation between 
boundaries Vij to be 

Tij = min {d{x,y)} . (13) 

To define the winding lengths of the system, we consider 
the fundamental group 7ri(i;), each element of which is an 
equivalence class of closed paths in S that can be continu- 
ously deformed into each other. For each element p G tti (E) 
other than the identity e, we define £p to be the length of the 
shortest path that belongs to the equivalence class that defines 
p. (We exclude the identity element because it would have 
length £e = 0.) There is a large amount of redundancy in 
using all the winding lengths £p to characterize the system's 
winding lengths and we will typically only be interested in the 
shortest few of these, which will contribute most significantly 
to corrections. Moreover, some of these winding lengths are 
inconsequential. In particular, the winding length around a 
single boundary component does not play a role in splitting 
degeneracies, since the boundary conditions imposed on the 
system determines a definite boundary state. 

In general, there may be many £p and Tij that may be 
treated, along with C^, as independent parameters. In con- 
sidering how the system behaves in the infinite-size limit, it is 



most natural to take all lengths Cj: , r^j ^£p ^ oo simultane- 
ously. However, varying these different parameters (C^, Tij, 
and £p) independently will generally produce distinct effects, 
possibly upon different subspaces of the low-energy states. 
To simplify notation, we will refer to all these length scales 
(Cj:, Vij, and £p) of the system collectively as L, with the un- 
derstanding that one should appropriately resolve effects due 
to a particular length scale based on context. For example, 
"L oo" means all the lengths are taken to infinity, while 
"0(6"^/*^) corrections" means varying any one of C^, Tij, 
or £p will, respectively, result inaO(e~^^/^), 0(6"^^/*^), or 
(9(g-^ij/'^) correction on a particular subspace of the Hilbert 
space. The corresponding lengths for a submanifold M C H 
will similarly be denoted collectively by Lm • 

We will assume that the L ^ oo limit is taken with micro- 
scopic quantities such as the particle density or lattice spacing 
held fixed, so that the number of particles or lattice sites also 
goes to infinity. 



III. TOPOLOGICAL PHASES 
A. Clean Systems 

1. 3D Superconductor 

Although we will focus primarily on two-dimensional topo- 
logical phases in this paper, we begin with a three-dimensional 
one because, as we shall see, it is easier to construct a topo- 
logical phase in three dimensions. Our example is a clean 
three-dimensional 5-wave superconductor. The electronic ex- 
citation spectrum has a gap A, and photons are gapped by the 
Anderson-Higgs mechanism. However, the system has gap- 
less phonons. Therefore, in order to have a system which is 
truly fully-gapped, we will have to assume that the atomic 
masses are infinite so that there are no phonons at low ener- 
gies. (Since superconductivity is usually due to the electron- 
phonon interaction, we will have to assume that the super- 
conductivity is due to some other short-ranged attractive force 
which does not require gapless excitations.) Such a system 
is seemingly completely boring at low energies (apart from 
its ability to carry current without dissipation). However, its 
topological properties are non-trivial. Suppose we assume that 
that the entire universe is filled by this material and that the 
universe (which we shall assume to have three spatial dimen- 
sions) is a three-torus, T^. Then, the pseudo-ground states are 
8-fold degenerate, since fermionic excitations can have either 
periodic or anti-periodic boundary conditions around each of 
the three generators of T^. A local operator can neither mea- 
sure fermionic boundary conditions nor change them. In order 
to measure a boundary condition, a fermion would have to go 
all the way around one of the generators of the torus. This 
can happen virtually: a virtual pair can be created, one can go 
around the torus, and they can annihilate. Such a process leads 
to an energy splitting ~ e~^l^. In order to change the bound- 
ary condition, a flux tube which winds all the way around one 
of the generators of the torus (say, the x-direction, for con- 
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creteness) would have to slide in the y- or z-direction until 
it has gone all the way around that direction. Suppose a pair 
of such flux tubes is created virtually, such a sliding process 
occurs, and then, finally, the flux tubes annihilate. Then one 
ground state will tunnel into another. This causes a splitting 
~ g-«^ . each flux tube costs an energy ex L and the time 
required for a flux tube to slide all the way around the torus 
is (X L, so the action for such a process is oc L^. Thus, the 8 
pseudo-ground states (which are separated from the rest of the 
spectrum by an energy gap) have an energy splitting ~ e~^l^, 
and local operators cannot distinguish them. In other words, 
it is a topological phase. 



2. Kitaev 's Honeycomb Model Implemented Ideally 

To construct a concrete example of a two-dimensional 
topological phase, we begin with Kitaev 's honeycomb lattice 
modeU^. The Hamiltonian is: 

H = —Jx ^ SfSj — Jy ^ SfSj — Jz ^ S^Sj 

X — links y — links z — links 

■r I \ 

+ y I ^ S^S^jSl + rot. symm. equivalents j 

\rij=x,rkj^y J 

(14) 

where the z-links are the vertical links on the honeycomb lat- 
tice, and the x and y links are the other two types of links 
on the honeycomb lattice, which are at angles ±7r / 3 from the 
vertical at one sublattice (and ±27r/3 at the other); x, ^, i are 
the unit vectors in the directions of the corresponding links. 

In order to ensure that no gapless degrees of freedom ex- 
ist in the system, one must be (unrealistically) careful in de- 
signing the system. To avoid the presence of (gapless) pho- 
tons, one may embed the honeycomb lattice inside a three- 
dimensional superconductor. (Note that, in Kitaev 's paper 
the three-spin terms in Eq. ([T4l) were generated by a magnetic 
field, which we cannot have if the lattice is embedded in a 
three-dimensional superconductor. However, we will assume 
that these terms are simply present due to some other micro- 
scopic reason. Alternatively, we could replace the Hamilto- 
nian of Eq. (O with the Hamiltonian described in Ref. [25l 
where each vertex is replaced with a triangle of vertices, 
which spontaneously breaks time-reversal symmetry and re- 
moves the need for a magnetic field to provide a gapped non- 
Abelian topological phase.) One must also assume that there 
are no impurities in the superconductor and that the atoms at 
the vertices of the honeycomb lattice and in the superconduc- 
tor have infinite mass so that there are no vibrational excita- 
tions (phonons) of the lattice. (We can assume that the su- 
perconductivity is caused by a strong short-ranged attractive 
force rather than the electron-phonon interaction.) 

This system has two possible topological phases. The "A 
phase" occurs for | J^^ | + | J^^ | < \Jz\ (and for cyclic permu- 
tations of the values of Jx-,Jy,Jz) and J' small or zero. The 
"5 phase" occurs for | + \ Jy\ > | J^|, | + | > | J^|, 



1-^2 1 + 1-^2/1 ^ \Jx\ and J' non-zero. In both phases, the sys- 
tem has a gap A (which is a function of J, JO, below which 
there are no excitations above the pseudo-ground state space. 
In particular, there are no phonons and photons are gapped by 
the three-dimensional superconductor. The spin excitations 
on the honeycomb lattice are gapped. We emphasize, as moti- 
vation for the rest of the paper, the artificial and physically un- 
realistic conditions required to ensure that the system is fully 
gapped. 

The system described here is truly in a topological phase 
in either the A or B phase, and it satisfies Eq. The low- 
energy state space of the A phase is described by a TQFT 
which is known, alternatively, as the "toric code," the quantum 
double D{Z2), or Z2 gauge theory. This phase has four quasi- 
particle types: I^e^m^i/j. These four quasiparticle types can 
be understood as follows. In the limit that \Jz\ ^ | J^; | + | Jy | , 
the two spins connected by a link in the z-direction will be 
locked together. Therefore, we can combine them into a single 
spin- 1/2 which we call cr^, and we can merge the correspond- 
ing two lattice points into a single lattice point. The resulting 
points lie on the midpoints of a square lattice, and the spins 
are governed by the following effective Hamiltonian^: 

Htc = - Jeff ^ Y[ ~ '^''^ ^ Y\^^ 

vertices v i^J\f{v) plaquettes p iEp 

(15) 

The effective spins in the immediate neighborhood J\f{v) of 
any vertex v of the square lattice interact according to the 
first term in Eq. where Jeff = Jj J^/(16| J^p). In the 
ground state, fl^^j^^^^^ cr^ = 1 for afl v and [] -^^ af = 1 
for all p. The / quasiparticle is simply the absence of any 
other quasiparticle or, in other words, when the system is in 
its ground state. The e quasiparticles are vertices v at which 
niGAr(v) ^ ^ quasiparticles are plaquettes p at 

which Yliep^i ^ ^ quasiparticles are plaquettes 

p at which fliGp ~ whose vertices v satisfies 

riiGATCv) = 

The pseudo-ground state degeneracy on the torus is 4-fold 
(Nj^2 = 4) in the thermodynamic limit. The fusion and braid- 
ing properties (see Appendix |A|) are determined by the fusion 
algebra 

1x1 = 1, /xe = e, I X m = m, I x i/j = i/j, 
exe = /, e X m = il), e x t/j = m x m = I, 
m X i/j = i/j X i/j = I, 

(16) 

together with the associativity F-symbols and braiding R- 
symbols. 

The F-symbols are defined by the statement that if the sys- 
tem is in the state in which quasiparticle types a, b, and c fuse 
to d such that a and b have definite fusion channel e, then the 
system has amplitude [F^^^]ef to be in the state in which b and 
c fuse to / [see Eq. (IA6I) 1. In the toric code (i.e. the D{Z2) 
phase), all of the F-symbols are trivial, i.e. they are 1 x 1 
matrices equal to 1. (When a fusion process is prohibited by 
the fusion algebra, the state space is empty, so the correspond- 
ing F- symbols are trivially equal to and conventionally left 
implicit.) 
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The i?- symbols are defined such that state of two quasipar- 
ticles of types a and b in the definite fusion channel c acquires 
the phase R^^ when the two quasiparticles are exchanged in a 
counter-clockwise manner [see Eq. (I ASM . For Ising anyons, 
the only non-trivial i?- symbols are: 



-1, 



-nme 



-1. 



(17) 



All other i?- symbols are equal to 1. The apparent asymmetry 
between = 1 and R^^ = — 1 is not observable and can 
be changed by a gauge transformation. Only the combination 
is observable. 

The B phase is described by the so-called "Ising TQFT." 
This phase has three quasiparticle types: /, a, and i/j. These 
particles can be understood as follows. As usual, the / quasi- 
particle is the absence of any other quasiparticle or, simply, 
when the system is in its ground state. The following operator 
commutes with the Hamiltonian: 



(18) 



where the product is over the vertices of a hexagonal plaquette 
p, and e{i) = z for a vertex which sits between x and y links 
on the plaquette, y for a vertex which sits between x and z 
links on a plaquette, and x for a vertex which sits between y 
and z links on a plaquette. In the ground state, Wp = Aa 
quasiparticle is a plaquette at which Wp = — ^ . is a neutral 
fermionic excitation. A pair of i/j quasiparticles can be created 
at neighboring sites i and j, connected by an x-link, if we act 
on the ground state with SfSj. 

The degeneracy of the pseudo-ground state space on the 
torus is 3 -fold (Nj^2 = 3) in the thermodynamic limit. The fu- 
sion and braiding properties (see Appendix jA]) are determined 
by the fusion algebra 



/X / 



I. 



'0 X cr = <J, 



I X a 
a X a = I - 



(19) 



together with the associativity F-symbols and braiding R- 
symbols. As a result of these fusion rules, the plane with 2n 
cr-charged punctures whose combined topological charge is 
trivial has 2^~^-fold degeneracy in the thermodynamic limit. 
Consequently, a particles can be understood as supporting 
Majorana zero modes - a pair of Majorana zero modes is an 
ordinary fermionic level, which has two states, occupied or 
unoccupied. Therefore, we will often use the terms cr par- 
ticle and Majorana zero modes interchangeably. However, 
when the distinction is important, we will use 'a particle' 
in topological phases or quasi-topological phases and 'Ma- 
jorana zero modes' in symmetry-protected quasi-topological 
phases. Note, however, that we will use the term 'Majorana 
fermion' to refer to particles - the defects that carry Ma- 
jorana fermion zero modes have different topological charge 
from gapped Majorana fermion excitations. 
For Ising anyons, the nontrivial F- symbols are: 



1 

71 



(20) 



ef 



where e,f = I and ip. The other (trivial) F-symboIs are 1 x 1 
matrices equal to 1 if they are allowed by the fusion rules and 
if they are not allowed by them. 

For Ising anyons, the (nontrivial) i?-symbols are: 



-1, 

-in/8 



TD(J(T 



- pi37r/8 



(21) 



-1 



From these fusion rules and F-symbols and i?-symbols, we 
see that a particles in an Ising anyon system (such as the B 
phase) are non-Abelian anyons. 

In this section, we have spelled out several examples of 
topological phases in (somewhat pedantic) detail in order to 
use it as a point of reference for later sections. Other exam- 
ples of ideal systems that can be similarly constructed include 
discrete gauge lattice models (of which the "toric code" is an 
example)^ and the Levin- Wen lattice models^^. All of these 
systems have no bulk gapless excitations (when suitably de- 
signed) and satisfy the definition of a topological phase (given 
in the introduction). Up to exponentially- small corrections, 
the pseudo-ground states are degenerate, and the unitary 
transformations associated with braiding operations are equal 
to those of a TQFT in the limit that the quasiparticles are all 
far apart, the braid operations are done very slowly, and the 
temperature T is small. 



B. Disordered Systems 

It is worth keeping in mind that, in the real world, solids 
contain impurities and other defects. As a result, the gap may 
close. For instance, consider the toric code Hamiltonian in 
Eq. (fTSl) and suppose that the coupling constants in front of 
the two terms are random: 

H = H^c- E '^i(^) n 

vertices v i^J\f{v) 

- E Mp)\[<^1 (22) 

plaquettes p iGp 

For instance, we can consider, as a simple model, the situation 
in which Ji {v) and J2 {p) are independently chosen at random 
from the interval Ji (v) , J2 {p) G [-W, W] .FovW > Jeff, the 
system will have excitations at arbitrarily low energies. How- 
ever, the states which are at low energies will be localized. In 
order to be more precise, we note that, in the toric code Hamil- 
tonian in Eq. ([T5l) or its disordered version in Eq. d22l) . quasi- 
particles cannot move, so they are always localized. However, 
if we perturb the model even slightly - for instance, by adding 
a weak magnetic field with components in both the x- and z- 
directions, then both e and m quasiparticles will be able to 
move in the absence of disorder. In the presence of disorder, 
all quasiparticles will be localized (since the system is two- 
dimensional^^). Consequently, even though there will be no 
gap for W > Jeff, the system is still in a topological phase. 
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(a) 



(b) 



0(e-V^){: 



0(e-Vf){: 



FIG. 1 : (a) The spectrum of a topological phase in a clean system, (b) 
The spectrum of a topological phase in a system in which impurities 
have caused the gap to be filled in by localized states (depicted with 
dashed lines). 



Only a slight modification of the definition (given in the in- 
troduction) is needed. We first define a localized state more 
formally. 

A state is defined to be a localized excitation of |?/^) 
with localization length A if > and the following 
conditions hold: (1) There exists a bounded, local operator (j) 
satisfying 



\{^'m')-{m^)\>^- 



(23) 



(2) There exists a set of (not-necessarily connected) regions 
C S parameterized by e > such that (a) < 
Aln(l/e), (b) ei < 62 implies that Ae^ C Ae^, and (c) for 
any bounded, local operator (j) acting in = T^\Ae (the 
complement of Ae) 

Tv(^pUc<p)-lr{pj,.<l>)\<\\<l>\\e (24) 

where p'^^. = Tr^ {W)W\), Pm = Tr^ (IV')(^I), and \\<j>\\ 
is the operator norm of (j). Intuitively, the two states are dis- 
tinguishable using local operators, but are essentially indistin- 
guishable outside some region (the size of which grows loga- 
rithmically slowly compared to 1/e). 

Definition (Topological Phase): A system is in a topologi- 
cal phase if there is an energy A and a length ^, which, respec- 
tively, have a strictly positive limit and a finite, non-negative 
limit as L 00, such that the following properties hold. On 
a manifold S, there is a set of orthonormal energy eigenstates 
I a), a G {1,2,..., N^} with energies Ea < A, including the 
absolute ground state |1) of the system (which, without loss 
of generality, we take to have energy Ei =0). Nj] depends 
only on the topological configuration of the system. For any 
local operator 0, 



for some length scale ^, where C is a constant independent 
of a, 6 G {1,2,..., Nj:}. The Hamiltonian of the system is a 
particular local operator, so it follows that these states satisfy 
Ea = 0{e~^^^) and form the basis of the pseudo-ground 
state space Ho = span{|l), . . . , \N^)} of the system. All 
other states with energies less than A are localized excitations 
of states in Hq . 

We note that ^ in Eq. (l25l) may now be interpreted as the lo- 
calization length for quasiparticles. The energy A is no longer 
an energy gap, but is, instead, a mobility gap. If there are lo- 
calized states below A, all the way down to zero energy, then 
we expect that, in general, the first energy eigenstate above 
Ho is at energy oc 1/V, where d is the spatial dimension and 
V is the volume ~ L^. The spectrum in a disordered system 
is compared to the spectrum in a clean system in Figure [TJ 

In the definition above, a key property characterizing the 
pseudo-ground states is that local operators cannot distinguish 
them or have nontrivial matrix elements between them. How- 
ever, we have also required that depend only on the topo- 
logical configuration of the system. Consequently, Haah's 
three-dimensional model^ does not satisfy our definition; al- 
though the ground states are locally indistinguishable, their 
number depends on the system size (in a highly non-trivial 
manner), not just on the topological configuration. 

An alternative definition of a topological phase^^ starts, 
instead, from the requirement that the states \a) with a G 
{1,2,..., N^} not be topologically trivial in the following 
sense. If a state |?/^) is topologically trivial, then for any e > 
there is a d < L (the system size) and a unitary quantum cir- 
cuit U of range d such that satisfies 



U\^prod)\\ <e 



(26) 



(a|(/)|6) =C^,5 + 0(e-^/^) 



(25) 



where IV^prod) is a product state (e.g. the state with all spins 
up). The range d is the maximum linear size of the support of 
unitary operators in the circuit multiplied by the depth of the 
circuit. In other words, by acting with a unitary transforma- 
tion which only couples spins which are a distance d apart, it 
is possible to transform the density matrix of a topologically- 
trivial system into that of a system with all spins up. In a topo- 
logical phase, such as that described in Eq. ([T4l) . the pseudo- 
ground states are topologically non-trivial, so this is impossi- 
blaSa. 

In closing this section, we mention that many putative topo- 
logical phases are more accurately described as Z2 -graded 
topological phases and are described by spin field theories^, 
rather than TQFTs. In particular, this includes electron sys- 
tems, such as quantum Hall states, in which the electron is 
considered akin to the trivial vacuum quasiparticle type. Since 
electrons have nontrivial Fermi statistics, which differs from 
the trivial statistics of the vacuum, one must exercise care and 
use the mentioned Z2 -grading and spin field theory structure 
where treating them as "vacuum." While it is important to be 
aware of the distinction, we will abuse terminology and con- 
tinue to use "TQFT" when we really mean "Z2 -graded TQFT" 
or "spin field theory." 
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IV. RELATION TO TQFT 

We now make the notion of a topologically non-trivial ex- 
citation more precise. Consider, for the sake of concreteness, 
a system in two spatial dimensions in a topological phase. An 
excited state p is topologically-trivial in a bounded region IZ 
which is homeomorphic to an open disk if for any e > 0, there 
exists a state |?/^) G Ho and a unitary transformation U on the 
degrees of freedom of IZ such that 



pn 



< e 



(27) 



where pn = Tr7^c (p) is the reduced density matrix for the 
region 7Z in the excited state and = Tr7^c(|?/;) (?/;|) is the 
reduced density matrix for the region 1Z in the state lip). We 
emphasize that the unitary transformation U is essentially ar- 
bitrary in the open disk 1Z. In less technical terms, this means 
that an excitation in region 1Z is topologically trivial if it can 
be related to a pseudo-ground state by unitary operations act- 
ing entirely within 1Z. The requirement that 1Z have the topol- 
ogy of an open disk ensures that the unitary transformation 
does not simply move a topologically non-trivial excitation 
out of 1Z, which is ensured since U does not act on the bound- 
ary d1Z. If an excited state is not topologically trivial in a 
region 7Z, then there is a topological excitation in 7Z. 

As we discuss in more detail elsewhere^ \ we can further 
define different types of quasiparticles by the condition that 
local unitary transformations cannot transform them into each 
other, which can be stated in a manner similar to Eq. [27l We 
can also define a quantum number associated with this quasi- 
particle type, called topological charge, and ascribe it to the 
boundary of the region. (From this perspective, the definition 
of a topological excitation given in the previous paragraph is 
simply the condition that an excitation is of a different type 
from trivial excitation.) We can then continue and define fu- 
sion rules for these quasiparticle types as follows. We con- 
sider two disjoint open disk- like regions and determine their 
respective topological charges. We then determine the topo- 
logical charge of the combined excitation by considering a 
larger open disk-like region that contains the two smaller re- 
gions. In a topological phase, we can continue and define 
braiding, as long as we are in the adiabatic regime in which 
braiding is well-defined, i.e. 6Eo <C a; <C A, where uo defines 
the rate at which the adiabatic exchange process is carried out. 
If we assume there are a finite number of quasiparticle types, 
the algebraic fusion and braiding properties are described by 
a unitary modular tensor category (see Appendix lAb. 

As we mentioned in the introduction, there are two ways to 
think about topologically non-trivial localized objects. They 
can be viewed as excited states that locally "look like" the 
ground state, except in compact regions where the reduced 
density matrix for a region cannot be unitarily transformed 
into that of a pseudo-ground state, as per the previous para- 
graphs. A second way to realize a topologically non-trivial 
object is as a component of the boundary of the system. 
In this case, we can discuss the properties of ground states 
on manifolds with boundary (with various possible bound- 
ary conditions). The relation between the two realizations of 



topologically non-trivial objects is analogous to that between 
Abrikosov vortices and Josephson vortices in superconduc- 
tors. In the definitions in this paper, we will adopt the lat- 
ter perspective and focus on ground state properties (and gap- 
less excitations above these ground states) in the presence of 
boundaries. 

Thus far, we have not made any assumption that the braid- 
ing and fusion rules obtained in this manner should be those 
of a TQFT. It can be shown that the definition of a topolog- 
ical phase leads to the conclusion that the properties of the 
low-energy states of the system are encapsulated by a TQFT 
(see Ref.l3llfor a pedagogical discussion). As a consequence, 
for instance, the dimension Nrp2 of the pseudo-ground state 
subspace on a torus in a two-dimensional topological phase is 
equal to the number of quasiparticle types. 

If one considers a system that does not have a gap A above 
the pseudo-ground state space, then these arguments may 
break down. In this case, at least some correlations may not 
decay exponentially. Consequently, there may be some quasi- 
particle types which are not locally indistinguishable from the 
ground state. Thus, these quasiparticle types may not lead to 
pseudo-ground states on the torus. We now consider systems 
with gapless excitations in detail to determine what proper- 
ties of topological phases are capable of surviving without a 
proper gap. 



V. QUASI-TOPOLOGICAL PHASES 

A. Kitaev's Honeycomb Model with Phonons and Photons 

We first reconsider the previous example(s) without the 
unrealistic assumption that the atomic masses are infinite, 
thereby introducing phonons. We can view the (acoustic) 
phonons as a gapless environment which perturbs the spin 
system and determine which aspects of a topological phase 
survive. Intuitively, we expect that the spin system is quan- 
titatively, but not qualitatively affected by the coupling to 
phonons. The gap to excitations of the spin system. A, will be 
modified, but remain non-zero. At energies less than A, the 
spectrum should essentially decompose into a direct product 
of the topological pseudo-ground states with states of gapless 
phonon excitations. On the torus, we expect that there will still 
be Nrp2 pseudo-ground states, corresponding to distinct topo- 
logical sectors (quasiparticle types). Each sector should also 
have excited states over it corresponding to gapless phonon 
excitations. 

To see that these expectations are correct, let us make the 
model a little more concrete. We will assume, for simplicity, 
that the three-dimensional solid has cubic symmetry. Then we 
can write a low-energy effective action for the lattice degrees 
of freedom in the form: 



dtdrx 



p{dtUi) - 2pUijUij - Xulf. 



(28) 

Here, u{f) is the displacement of the atom from a lattice po- 
sition r; this atom is located at r + u{f). Here, we have used 
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the abbreviated notation Uij = {diUj -\- djUi) /2. The density 
is p, and fi and A are the Lame coefficients. 

The spins are coupled to the phonons. The detailed form 
of this coupling will depend on the physics which generates 
the spin-spin interactions in Eq. (O, but it is reasonable to 
assume that the interaction between spins depends on the dis- 
tance between them so that when the atoms in the lattice are 
displaced from their equilibrium positions, the coupling con- 
stants Jx, Jy, Jz are affected. Therefore, we expect an inter- 
action of the form: 

-f^spin — phonon = ^s— ph ^ ^ Sf Sj X • \u(ri) — u(r 
X— links 

-^{x ->y) + {x z) (29) 

In the absence of non-Abelian quasiparticles or non- 
zero genus, the spin system has a gap, which stabilizes it 
against generic weak interactions, including interactions with 
phonons. In other words, if the system is in a situation in 
which there is a non-degenerate ground state, then the spin 
model's gap protects it from the effects of the phonons. Gap- 
less phonons could only have an interesting effect when there 
are degenerate pseudo-ground states. In this case, we es- 
sentially have the problem of a field theory (for the gapless 
phonons) coupled to a quantum-mechanical system with a fi- 
nite number of degrees of freedom (the topological pseudo- 
ground states). 

Consider the Ising B phase of Kitaev's honeycomb model. 
Using Kitaev's representation^^ of spin operators in terms of 
Majorana fermion operators, = ih^c^, with a = x^y^z, 
we can re- write Eq. (l29l) in the form 

^spin-phonon = "^s-ph ^ b^b'^CiCj X ■ [u{fl) - u{f'j)] 
a;— links 

-\- {x ^ y) + {x ^ z) 
= -Qs-ph ^ UijCiCj X • [u{ri) - u{7^j)] 

a:— links 

-^{x ^y) + {x ^ z) (30) 

where Uij = b^bj, where a is the type of link which con- 
nects sites i and j. We see from Eq. ([30l) that the coupling to 
phonons does not change one of the basic simplifying features 
of the Kitaev model: the UijS commute with the Hamiltonian. 
Furthermore, the Uij s are not gauge-invariant, so the energy 
depends only on the gauge-invariant constants of the motion 
ripiaquette ' ^incc the three pseudo-ground states on the 
torus have the same Ilpiaquette plaquettes, they have 

the same energy. Hence, the coupling to phonons does not af- 
fect the pseudo-ground state space degeneracy. There can be 
phonon excitations above the pseudo-ground state space Ho, 
but the pseudo-ground states are unaffected. 

Now, let us consider a quasiparticles in the Ising phase. 
Phonons can, in principle, couple to the Majorana zero mode 
in the core of a a quasiparticle. Following Kitaev, we repre- 
sent the spins by Majorana fermions, S^. = ib^.cn., and 
replace bilinears of bs on links by their expectation values 
(which commute with the Hamiltonian). Then the Hamilto- 
nian takes the form of a hopping Hamiltonian for the cr.s. In 



the presence of a a quasiparticle, i.e. a Z2 vortex, this hopping 
Hamiltonian has a zero mode (Z2 vortices must be present in 
pairs, although one of them may be at infinity). Let us call 
such a zero mode cq, which we assume to be localized at the 
origin. There is no possible coupling of phonons to such a 
zero mode. The obvious guess would be 

Hzm-ph = Co Co djUj{f= 0) (31) 

But, since Cq = 1, this does not, in fact, couple phonons to 
the zero mode. There can be a coupling of phonons to a zero 
mode and a non-zero mode: 

Hzm-ph = icoCn djUj{r = 0) (32) 

where Cn is some other, higher-energy, eigenmode of the 
Hamiltonian (but, of course, one which is near the origin, 
since we assume that the coupling is local). However, since 
Cn is gapped, we can integrate it out. This could generate a 
term in the action of the form: 

'^-^^ = 1^'^°^^^^ [5,.,(r = 0)f + ... (33) 

Such a term gives no contribution to the Hamiltonian and is, 
therefore, unimportant. One might worry that this term can af- 
fect the anti-commutation relation for cq. If we now integrate 
out phonons, we will rescale the coefficient of cq idtCQ. Phys- 
ically, this just represents the fact that the coupling to phonons 
has caused the zero mode co to mix with non-zero modes 
so that the correct zero energy eigenmode is actually a linear 
combination of cq and c^s. 

Therefore, there are two reasons why phonons, though gap- 
less, have a very small effect. The first is that phonons are 
Goldstone bosons (of broken translational symmetry in a crys- 
talline solid) and, therefore, have irrelevant derivative interac- 
tions with quasiparticles. Second, there is no way, at low en- 
ergies, to couple phonons to interesting topological degrees of 
freedom, such as Majorana zero modes. As a result, although 
phonons are gapless, the degeneracy of topological ground 
states is split by terms exponentially- small in L, rather than 
by power-laws in L. 

The example above is the most innocuous situation which 
one can imagine: there are gapless excitations in the system, 
but the coupling of these excitations to topological degrees 
of freedom is irrelevant. In this case, the gapless degrees of 
freedom do not qualitatively alter the topological ones, and so 
effectively decouple from the topological degrees of freedom 
at low energies. The Hilbert space for energies below A de- 
composes into the product of the Hilbert space of a TQFT (de- 
scribing the pseudo-ground state space) and the Hilbert space 
of the gapless degrees of freedom. 

There is a quantitatively-important effect of the coupling 
to phonons which is not addressed by the definition of a 
quasi-topological phase. In this definition, quasiparticles 
are assumed to be fixed. However, if quasiparticles can 
move quantum-mechanically, then they can emit or scatter off 
phonons. This is a situation which is beyond the definition of 
a quasi-topological phase since, once quasiparticles are mo- 
bile, the system is no longer in a quasi-topological phase, i.e. 
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a moving quasiparticle can cause transitions between the dif- 
ferent topological sectors. However, if there is just one or a 
few moving quasiparticles, then their topological properties 
are governed by the quasi-topological phase which gave birth 
to them. Consider a cr quasiparticle; phonons couple to its 
translational motion. As far as this coupling is concerned, the 
exotic properties of the a particle are unimportant and we can 
write a low-energy effective interaction between quasiparti- 
cles and phonons: 

5'qp-ph = ^qp-ph j d^x dt /iqp(x, t)V ' u{x, t) (34) 

where /iqp is the energy density due to quasiparticles. There- 
fore, there will be an effective interaction between quasiparti- 
cles of the form: 

where h^^{q^ u) are the (Fourier transformed) energy densi- 
ties of the two quasiparticles, and 

where v = ^/{2j~H^^^)Jp. If quasiparticle 1 does not move, 
so that h^^{q^uj) oc 5{(jj), then the effective interaction be- 
tween the two quasiparticles is V{q^^) = — ^qp.ph/^^ or, in 
real space, V{r) oc S^'^\f). In other words, there is no inter- 
action if one particle is motionless while the other one stays 
far away. Therefore, if one quasiparticle is taken around an- 
other, while remaining away from it, there is no dynamical 
phase due to the phonon-mediated interaction. 

However, there is a second effect of phonons. When quasi- 
particles are moved, phonons will be emitted. (One can view 
the phonon-mediated interaction in Eq. ([35]) as the effect of 
off-shell or virtual phonons, while phonon emission is the 
effect of real phonons.) Phonon emission does not affect 
the phase which results when two quasiparticles are braided. 
However, if we are trying to observe this phase by interfering 
two different quasiparticle trajectories, there is some ampli- 
tude that the change in phonon number (which we presumably 
do not measure) is different along the two trajectories. This 
will reduce the visibility of the interference: if we try to inter- 
fere two trajectories with a combined length /, then interfer- 
ence between the two trajectories will decay with / as e~^/^<^ 
for some coherence length L^. Phonon emission will give a 
contribution to of the form {l/L^^^^^^J oc ^^p.ph^^ 

since ^qp.ph is irrelevant by two powers of energy. By going to 
sufficiently low temperatures (which may, admittedly, be tech- 
nically difficult), we can make the effect of phonons on the 
visibility as small as we wish. This is an important practical 
consideration, but is not a fundamental change in the physics 
of the state. 

Now suppose that we remove the superconductor, so there 
will be gapless photons present in the system. They couple to 
the spin system in the form: 

^spin-photon = 9/^3 S • B (37) 



Again, in the low-energy limit, there is no way to couple B 
to a zero mode cq. Unlike in the phonon case, there will be 
a photon contribution to the non-universal phase associated 
with quasiparticle exchange simply as a result of the interac- 
tion between the electromagnetic field and the motion of the 
quasiparticles; this contribution depends on the precise tra- 
jectories of the quasiparticles and also on how fast the pro- 
cess occurs. There will also be a reduction of the visibility 
of interference patterns as a result of photon emission (similar 
to that resulting from phonon emission). However, the basic 
physics of the topological phase will be unaffected, as in the 
phonon case. One difference, however, is that there may be 
photons of arbitrarily low energies even when the spin sys- 
tem has finite size L. This will be the case generically, but if 
we place the spin system within a waveguide of size Lq with 
very high Q factor, there will be a finite-size gap ^} oc I/Lq. 
For Lq ^ L, the regime in which the system behaves as if 
it were in a gapped topological phase will be even smaller: 
uj^T <C ^ oc I/Lq. Nevertheless, there is a A below which 
the system is simply the product of the pseudo-ground states 
with the gapless excitations. 

We now imagine connecting our spin system to a metal- 
lic lead at a single point or weakly coupling it to a metallic 
gate. In addition to gapless phonons and photons, there are 
now gapless electrons that can, in principle, tunnel into the 
system. However, there is an energy gap which prevents this 
from occurring, in spite of the gapless phonons and photons. 
In order for an electron to tunnel into Kitaev's honeycomb lat- 
tice model, a fermion must be created and charge — e must 
be created. There are zero-energy fermions at Z2 vortices. 
However, there is a hard charge gap. Kitaev's model is a pure 
spin model, so the charge gap is infinite in the model as orig- 
inally formulated. However, it can be generalized^"— to a 
model that allows doping. If we decompose the electrons into 
spinons //^ (where a =t, | is the spin index) and holons bi 

4 = flbi (38) 

then, when there is one electron per site, the holons bi are 
gapped and the spinons form a p-wave paired state, so that 
we recover the Kitaev honeycomb model. However, we can 
change the electron density, thereby introducing a finite den- 
sity of mobile holons ^^s. As long as the chemical potential 
lies in the charge gap (i.e. as long as the spin system is weakly- 
coupled to the metallic lead or gate, rather than strongly cou- 
pled, which would dope it as a result) low-energy electrons 
cannot tunnel into the system since a holon would have to be 
created. 

In fact, the stability is even better than this. An electron 
cannot tunnel into the system at low energy because a charged 
excitation must be created. But let us suppose that there are 
right-handed neutrinos (as neutrino oscillation experiments 
imply) and that these right-handed neutrinos do not carry any 
weak isospin (nor any conserved quantum numbers other than 
fermion parity). Then, they have the same electro- weak quan- 
tum numbers as Majorana quasiparticles in Kitaev's model. 
Therefore, the charge gap no longer protects the system. One 
might worry that a neutrino could be absorbed by a Majorana 
zero mode. However, this process is still not allowed. To see 
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this, it is helpful to use a representation of the spins in terms 
of Majorana fermions which has only two (rather than four) 
Majorana fermions per site of the honeycomb lattice so as 
to avoid any gauge redundancy. We will call the two Majorana 
fermion operators on each site ai and a2, with Sj = iaija2j. 
Then, we might worry about a tunneling term such as 

iftun = itaijUR{r = Rj) (39) 

Here, ur is the right-handed neutrino operator. We are inter- 
ested in the potentially dangerous case in which the jth lattice 
site r = Rj is at a Majorana zero mode. However, the cou- 
pling in Eq. ([39l) is, in fact, not allowed. If we re-write the 
Majorana fermion operator in terms of the spin operators then 
it takes the form aij = (Yl^^j Sf)S^, where the product runs 
over all sites that lie along a string between the site j and the 
edge of the system. Consequently, the tunneling term takes 
the form: 

J^tun = it (H St)S';vR{r = Rj) (40) 

i<j 

This is clearly not a local coupling, so it cannot occur. On 
the other hand, a local coupling with amplitude could gen- 
erate a term such as that in Eq. (|40|) at order ~ L in t\ i.e. 
t ~ (^0^- Given that the coupling is a perturbation with 
small, the resulting effect on the zero mode will be exponen- 
tially suppressed by the system size. This is good news for the 
stability of this phase, but bad news if one were hoping to use 
the phase as a neutrino detector. 

B. Definition 

With the above example in mind, we now define the concept 
of a quasi-top ological phase. 

Definition (Quasi-Topological Phase): A system is in a 
quasi-topological phase if there is an energy A and a length 
^, which, respectively, have a strictly positive limit and a fi- 
nite, non-negative limit as L oo, such that the following 
properties hold. 

(i) On a manifold E, there is a set of orthonormal energy 
eigenstates |a), where a G {1,2,..., TV^}, including the ab- 
solute ground state |1) (with energy Ei = 0), such that for 
any local operator 0, 

(a|(/)|6) =C(5a5 + 0(e-^/^) (41) 

for a, 6 G {1,2,..., N^}, where C is independent of a, h. 
The Hamiltonian is a particular local operator, so it follows 
that 

^^o=max(|K|)=0(e-^/^) (42) 

for a G {1,2,..., N^}, where Ea is the energy of the state 
\a). 

(ii) Ny. depends only on the topological configuration of 
the system. 

(iii) We define 

^l = m:ln{\E^-Ea\) (43) 



i )0(L-) 

0(e-V^){^^= 



FIG. 2: The spectrum of a quasi-topological phase. The pseudo- 
ground states have exponentially- small splitting, while their separa- 
tion from the rest of the spectrum vanishes as a power-law. Note that 
the multiplets at energies below A do not necessarily have the same 
number of states in a generic quasi-topological phase (as depicted), 
but they would in a strong quasi-topological phase. 



for any a G {1, 2, . . . , A^s} and |x) ^ % = 
span{|l), . . . , |A^s)}. Then, there must exist a finite z > 
and an L-independent > such that 

- K.L-\ (44) 

(iv) There are no states with energy less than A that have 
topologically nontrivial excitations. 

In other words, the topologically-protected pseudo-ground 
states approach each other exponentially-fast in the system 
size, forming a pseudo-ground state space Ho separated from 
the rest of the spectrum by a finite-system-size gap ^ 

The energy A can be understood to be a "topological mo- 
bility gapp" in the following sense. A is the minimum energy 
required to pair-create topologically non-trivial excitations (as 
defined in Section HiTbI) from a pseudo-ground state. We note 
that there may be topologically trivial excitations of energy 
less than A. These may include bound states of topologically 
nontrivial excitations that are collectively topologically trivial 
(i.e. their combined topological charge is trivial). These exci- 
tations below A do not cause a splitting between putative de- 
generate states. Only when there are topologically non-trivial 
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excitations capable of moving to separations on the order of 
L, r, or £ can these excitations cause a splitting between puta- 
tive degenerate states. For instance, in a perturbed toric code 
Hamiltonian (so that e excitations interact and move), a pair 
of e excitations can change the winding number only if they 
have enough energy for one of them to encircle a generator of 
the torus. Therefore, A is the energy gap to the creation of a 
pair of topologically non-trivial excitations which are capable 
of moving to separations on the order of L, r, or ^. 

From the preceding discussion, we see that Kitaev's model 
in a solid with the concomitant coupling to phonons and pho- 
tons (as considered in Section IVAl) is an example of a quasi- 
topological phase. It is a phase of matter in which the splitting 
between ground states 5E remains exponentially suppressed 
in spite of gapless excitations with an energy spacing Vt. How- 
ever, some features of this example are not generic for quasi- 
topological phases. In particular, for this example, there is 
a regime of energy and temperature, 5Eq <C cj,T <C 1^, 
in which the system behaves as a gapped topological phase 
with the pseudo-ground state degeneracies, braiding and fu- 
sion rules expected from the Ising TQFT. Moreover, there is a 
much larger regime, 8Eq <C cj, T <C A, in which the Hilbert 
space of the system can be understood in terms of topological 
sectors, each of which contains a topological ground state and 
gapless excitations above that ground state. In other words, 
the low (compared to A) energy effective theory of the system 
is essentially a TQFT tensored with a set of relatively benign 
gapless theory. However, this is not necessarily the case in all 
quasi-topological phases, as we will demonstrate in the next 
subsection. 

We will use the term strong quasi-topological phases to re- 
fer to phases which satisfy the property that they show the 
characteristic behavior of a topological phase in the regime 
^£^0 <^ <C 1^. The topological properties encapsulated 
in TVj], F- and i?-matrices, etc. are all precisely the same as 
in some TQFT (which was the Ising TQFT in the example 
considered in this section). 

Other examples of strong quasi-topological phases include 
the toric code^ and Levin- Wen^^ models, when either one 
is realized as a spin system in a solid; and also fractional 
quantum Hall states realized in ultra-cold bosonic atoms in 
rotating traps (see, e.g. Refs. [36ll37l) and in optical lattices 
with effective gauge fields (see, e.g. Refs. ^8j. In fact, 
some well-known phases actually satisfy our definition of 
strong quasi-topological phases. Ordinary insulators are triv- 
ial strong quasi-topological phases: they have a gap A and a 
unique ground state for any manifold topology (precisely as in 
the trivial TQFT), but they also support gapless phonons and 
photons. Meanwhile, 3D superconductors with finite atomic 
masses have the topological properties of the TQFT described 
in Section llll A 11 but with gapless phonon excitations. 

Strong quasi-topological phases are the most ideal cases 
one could hope for when introducing gapless excitations into 
a topological phase, since all of the topological properties sur- 
vive, and the system below A is simply the product of a TQFT 
with the gapless degrees of freedom. More generally, gapless 
degrees of freedom will be able to couple non-trivially to the 
topological degrees of freedom. As discussed at the end of 



Section JVl gapless degrees of freedom may generally intro- 
duce long-ranged correlations that cause the TQFT structure 
to break down. In the next subsection, we will see examples 
of quasi-topological phases that are not strong. 

C. Fractional Quantum Hall Effect 

For examples of a quasi-topological phases that are 
not "strong," we turn now to fractional quantum Hall 
(FQH) states^^ in electronic systems, which are the most- 
commonly given examples of topological phases^"—. How- 
ever, there are gapless phonons and photons in a GaAs quan- 
tum well or heterostructure, so the (entire) system does not 
have a gap. The phonons are relatively harmless in these 
phases, and if these were the only gapless degrees of free- 
dom included, the quantum Hall systems would be in strong 
quasi-topological phases. On the other hand, photons have a 
non- trivial effect that breaks the TQFT structure. We will be- 
gin by demonstrating this in the case of a Laughlin statai^. 
The extension of this analysis to other FQH states, such as the 
Haldane-Halperin hierarchy /composite fermion states^"—, is 
straightforward, but we explicitly consider Ising-type FQH 
states^"— and Read-Rezayi states^^, as these are particularly 
physically relevant examples that also highlight the varying 
levels of TQFT structure that can survive in quasi-topological 
phases. Other examples of quasi-topological phases include 
quantum Hall ferromagnets^^ . 

1. Laughlin States 

The effective theory for a = 1/m Laughlin state (where 
m is an odd integer for fermionic particles) is the U(l)m 
Chem- Simons theory with action: 

^ = J d?xdt^e^yxci^dyax- (45) 

This TQFT has m^-fold degenerate ground states on a man- 
ifold S of genus g. We consider the effect that coupling this 
TQFT to gapless degrees of freedom has on its ground states, 
in particular when the system is on a torus (^ = 1). 

First, let us consider coupling to phonons. The lowest-order 
possible coupling of this effective theory to phonons is: 

^FQH-ph = A j (fxdtcijdiajdkUk (46) 

where i^j = 1, 2 are spatial indices. This interaction is irrele- 
vant by one power of energy. 

For the (pseudo-)ground states, we can focus on zero mo- 
mentum modes. Then the action (including phonons) takes 
the form: 

S = J ^'^-^ (cL2dtdi - aidta2) J dt {dtUif (47) 

where di and Ui are the p = Fourier components of 
and Ui. The interaction between the gauge field and phonons 
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in Eq. (l46l) vanishes for the zero-momentum modes, so the 
Chem- Simons field decouples from phonons. (Phonons, like 
all Goldstone bosons, have derivative couplings, so they de- 
couple in the zero-momentum limit.) Therefore, the ground 
state degeneracy of the U(l)^ Chern-Simons theory is unaf- 
fected by the coupling to phonons and the low-energy theory 
is simply a produce of the TQFT and phonon degrees of free- 
dom. 

Any quantum Hall state will have an Abelian U(l) Chern- 
Simons field as part of its effective field theory, in order to 
account for the charged degrees of freedom (and the Hall con- 
ductance), so our conclusion about the decoupling of phonons 
holds from the U(l) sector holds for any quantum Hall state. 
If the quantum Hall state has other Abelian sectors, then the 
lowest order possible coupling to phonons is of the same 
form. Therefore, the zero-momentum modes decouple. Non- 
Abelian sectors cannot couple to phonons in this way, since 
the field strength of a non- Abelian gauge field is not gauge in- 
variant; therefore, the lowest order coupling is between dkUk 
and (F^^ )^ which also vanishes in the zero momentum limit. 

So far, everything is just as we would expect in a strong 
quasi-topological phase. Next, however, we consider the cou- 
pling of a = 1/m Laughlin state to the electromagnetic 
field, focusing on a system on a torus. The effective field the- 
ory takes the form 



S = / d?xdt 



Tfi 



— 



SxdtFMNF^^ 



(48) 



We have used Greek letters for (2 + 1)D indices, fi = t^x^y 
and uppercase Roman letters for (3 + 1)D indices, M = 
t^x^y^z. We will use lowercase Roman letters for 2D spa- 
tial coordinates, i = x^y. Here, Am is the electromag- 
netic gauge field, A^^ is its restriction to the torus, and — e 
is the charge of an electron. Again, to study ground states 
we focus on the zero-momentum modes. For simplicity, we 
will assume that the 3D world is a torus on which we 
have coordinates ^ < xi^X2 < L and < X3 < with 
xi = xi + L, X2 = X2 -\- L, and xs = xs -\- Lz, and fur- 
thermore that the 2D quantum Hall system is on the torus 
defined by xs = < Xi,X2 < L. (This is 

merely a convenience in order to avoid dealing with curved 
coordinates on a torus embedded in R^.) We must now ex- 
ercise some care in order to normalize the fields properly in 
finite volumes. We write a^(x, t) = e*^"^a^(p, t) and 

A^{x,t) = j-^^^e'P-A^{p,t) [since is a (2+l)D 



field and is a (3+l)D field]. With these normalizations, the 
effective action for zero momentum modes takes the form: 

^ i^^dtCii - aidta2) + ^ / {dtAuf 



1 



-1/2 



dtAieijdtdj (49) 



Here, di and Ai are the p = Fourier components of these 
fields and, in this equation, M = x^y^z. We have normal- 
ized the Fourier transforms so that the first two terms do not 



depend on L and L^. At zero momentum, at and At drop out 
of the theory. (However, in the full theory, we could take the 
gauge at = At = and also an additional gauge condition, 
such as Sitti = diAi = 0.) As a result of the decoupling of 
At, we see that the long-ranged Coulomb interaction does not 
affect the ground state degeneracy on the torus in the infrared 
limit. Indeed, any static interaction will leave the ground state 
degeneracy topologically protected (i.e. the degeneracy split- 
ting will be exponentially suppressed), so long as the quantum 
Hall state remains stable. However, dynamical photons can 
have a more interesting effect, as we will demonstrate. 

Now, we integrate out Ai to obtain an effective action for 
dj alone: 



dt 



— [a2dtai 
47r 



1 p2 

aidta2) - 2j^^i 



(50) 



This is the lowest Landau level action on the torus (with di 
and d2 playing the roles of the x and y coordinates of a parti- 
cle in the lowest Landau level) in the presence of a harmonic 

oscillator potential. Therefore, the energy levels have spac- 

2 

ing SEq (X = a^. Here, we have restored the speed of 
light c and the fine structure constant a = e^/c. The splitting 
caused by the electromagnetic field is small due to the small- 
ness of the fine structure constant a ^ 1/137. But it vanishes, 
nevertheless, as a power of L^. 

Incompressibility is a hallmark of quantum Hall states: the 
electron density is locked to the magnetic field and, therefore, 
cannot fluctuate. However, when the magnetic field itself has 
quantum fluctuations, the density also fluctuates. This results 
in the 0(L~^) splitting found above. 

From this analysis, we see that the m would-be pseudo- 
ground states (corresponding to the ground states of the 
U(l)m Chern-Simons TQFT) actually exhibit a power-law 
energy splitting themselves when (3+l)D electromagnetism 
is included, rather than exponential splitting. Therefore, the 
pseudo-ground state subspace Hq has dimension N^^ = 1 
(i.e. it only includes the single true ground state), since it 
only includes states that are degenerate with the ground state 
to within exponential accuracy 0{e~^^^). It is clear that this 
will also give N^: = 1 for an arbitrary 2D manifold E. We 
note that the trivial TQFT (which has no nontrivial topological 
excitations) also has Nj: = 1 for all S, so one might wonder 
whether the result is simply a strong quasi-topological phase 
corresponding to a trivial TQFT. To see this is not the case, 
we consider the braiding statistics of quasiparticles. 

Quasiparticle excitations of quantum Hall states can be 
electrically-charged and can, therefore, couple to photons 
more strongly than spin excitations in Kitaev's model. There 
will be a V(r) = qiq2/r interaction between two quasiparti- 
cles with electric charges qi and q2, respectively. Therefore, 
there will be a non-universal dynamical contribution to the 
phase which does not decay with the separation between the 
quasiparticles. (This can be seen microscopically from the 
wavef unctions, as in Refs. [54ll55l .) The dynamical phase (j) 
satisfies 



/' 

Jo 



dtE{t) - - - - > 



(51) 
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Therefore, we cannot make the dynamical phase arbitrarily 
small. In addition, there will be an Aharonov-Bohm phase^S, 
Jab, which depends on the area enclosed in quasiparticle tra- 
jectories (as well as the quasiparticles' charge and the value of 
the background magnetic field). Both of these terms are due to 
non-universal physics which is beyond the TQFT description. 
Consequently, exchanging quasiparticles leads to the unitary 
transformation 

U = e^^^^ e-^^i? (52) 

where R is the (topological) quasiparticle braiding statistics 
described by the \J{l)m TQFT. For a counterclockwise ex- 
change of a pair of charge e/m fundamental quasiholes in 
8i v = 1/m Laughlin state, the braiding statistics factor is 
R = g*7r/m^ corresponding to that of U(l)m flux 1 objects-^-. 
Although neither one of the non-universal phases is small a 
priori, in an interference experiment, we can vary the area 
in order to isolate the Aharonov-Bohm contribution and, in 
principle, we can make the dynamical phase the same for 
two different interfering trajectories. Therefore, the topolog- 
ical braiding phases predicted by the original U(l)^ Chern- 
Simons TQFT do have a well-defined meaning, even though 
it may be difficult to measure it in practice. 

Thus, the Laughlin FQH states physically realized in 
electronic systems are quasi-topological states that are not 
"strong." They retain the braiding statistics of quasiparticles 
of a U(l)^ Chern-Simons TQFT, but they do not possess the 
TQFT structure for surfaces of genus ^ > 0. The basic un- 
derlying reason for this is that the different quasiparticle types 
in these states are locally distinguishable, even far away, as a 
result of the electromagnetic fields which they generate. 



2, Ising-type States 

In a non-Abelian quantum Hall state, the situation can be 
more interesting. Consider, for instance, the Moore-Read 
(MR) Pfaffian state at filling fraction zy = ^, where m is 
an even integer for fermionic particles (and one can always 
add integers to the filling, since they may be treated as "in- 
ert", so that the = 1/2 MR state gives a candidate for the 
V = h/2 FQH plateau). The corresponding TQFT for this 
state can be written as a spectrum restriction of the product of 
a U(l)^ TQFT and an Ising TQFT, where the spectrum re- 
striction requires the / and ijj Ising topological charges to be 
paired with integer U(l)^ flux values, and the a Ising charge 
to be paired with half-integer U(l)^ flux values (for more de- 
tails, see e.g. Ref. 158|). The ground state degeneracy on the 
torus for this TQFT is Nj^2 = 3m, with the familiar factor of 
m coming from the Laughlin-like U(l)m sector correspond- 
ing to the charged degrees of freedom and the factor of 3 from 
the non-Abelian Ising sector's degrees of freedom. 

We can now introduce coupling to photons as we did for 
the Laughlin states. The electromagnetic field couples only 
to the charged degrees of freedom, so one might naively con- 
clude that the degeneracy on the torus is reduced to 3. How- 
ever, quasiparticles carrying non-Abelian topological charge 



a must carry electrical charge charge (n + |)e/m for in- 
teger n (corresponding to half-integer fluxes), which differ- 
entiates them electrically from quasiparticles carrying Ising 
topological charge I or jp, which must carry electric charge 
ne/m for integer n (corresponding to integer fluxes). There- 
fore, the corresponding ground states on the torus will have 
their energy degeneracy lifted by the same mechanism that 
split the ground state degeneracy of the Laughlin states. One 
might now expect that ground states corresponding to the 
electrically-neutral topological charges / and ijj around one 
non-trivial cycle of the torus remain degenerate, but this is 
not the case. The modular transformations of the MR TQFT 
indicate that these states may be rewritten as a linear combina- 
tion of states which have definite values of topological charge 
around any other generator of the torus. In this way, the states 
with the electrically-neutral topological charges I or with 
respect to a given generator of the torus will have a super- 
position of states that include ones with topological charge a 
with respect to a different generator of the torus. This can be 
see directly from the MR TQFT's modular /S-matrix, which 
cannot be written as a direct product of an ^-matrix for the 
neutral quasiparticle subsector and an ^-matrix for the charge 
subsector. For example, Wxqv = 1/2 MR state has 
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(53) 

where the columns and rows are labeled, in order, by the 
quasiparticle types carrying Ising xU(l)2 topological charge 
labels Iq, tpo, <ji, /i, tpi, and cr|, where the subscripts in- 
dicate the U(l)2 Chern-Simons flux value. Because of this, 
the degeneracy between states with topological charge Iq and 
ipo (or Ii and ipi) with respect to a given generator of the 
torus is broken as well, leaving N^^ = 1. Similar arguments 
also result in = 1 for any manifold without boundaries. 
Hence, the coupling to the electromagnetic field only directly 
affects the charged degrees of freedom, but in some topologi- 
cal phases, such as the MR states, the charged and neutral de- 
grees of freedom are inseparably linked through the selection 
rules of allowed topological charges and the modular transfor- 
mations. Consequently, topological degeneracies associated 
with seemingly neutral degrees of freedom are lifted as well. 

Turning now towards the braiding statistics of this state, we 
consider systems with boundaries or quasiparticles. We find 
that the pseudo-ground state degeneracy due to boundaries 
and/or quasiparticles that carry non-Abelian Ising charge a 
is unaffected by the inclusion of gapless photons. Just as we 
showed for Laughlin states, the effect of including electro - 
magnetism appears in an overall dynamical phase. This phase 
does not alter the quasiparticle braiding statistics, though per- 
haps makes it very difficult to experimentally extract. Hence, 
exchanging quasiparticles leads to the unitary transformation 

U = e'^^^ e-'^f^R (54) 
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where R = i?isingi^u(i)^ is the (topological) quasiparticle 
braiding statistics described by the MR state's TQFT, which 
takes the form of a product of the braiding statistics due to the 
Ising and the U(l)^ sectors (see Ref. 58 for more details and 
a proof of the braiding statistics of these states). 

While the non-universal phases will make it difficult to ob- 
serve the absolute phase factors of any braiding operation, it 
does not in any way disturb the relative phases acquired by dif- 
ferent fusion channels of the non-Abelian anyons. In particu- 
lar, the ratio of R^j"^ and R^^ , for braiding two quasiparticles 
carrying an Ising cr topological charge each, is robust. The 
underlying reason is that the a topological charges (Majorana 
zero modes), which are responsible for the non-Abelian statis- 
tics of quasiparticles in these systems, do not couple to pho- 
tons or phonons, as we saw in the previous section in the con- 
text of Kitaev's honeycomb lattice model. The non-Abelian 
statistics is "mediated" by the neutral fermion ?/^, which only 
couples to the Ising topological degrees of freedom in these 
quasi-topological phases. 

The behavior of other Ising-type quantum Hall states is very 
similar under coupling to gapless degrees of freedom, but, in 
some cases, have interesting differences. The anti-Pfaffian 
state^^ is constructed by taking the particle-hole conjugate 
of the V = 1/2 MR state. As such, its TQFT is simply the 
complex conjugate of the MR state's TQFT. The analysis for 
the MR state applies exactly the same, except the braiding 
statistics factors R are complex conjugated. 

The Bonderson-Slingerland (BS) hierarchy states^^ built 
on the MR and anti-Pfaffian states have similar TQFTs, ex- 
cept the U(l)m sector is replaced by multiple U(l)s coupled 
together in a fashion described by a coupling i^T-matrix, which 
we therefore write as U(l)x [and cr Ising charges are paired 
with half-integer flux values in the 1st U(l)]. These states will 
have certain filling fractions v = p/q (with p and q mutually 
prime), which can be determined from the i^-matrix (for ex- 
ample, an experimentally prominent sequence of BS states is 
given by filling fractions v = The ground state degen- 

eracy on the torus for a BS state's TQFT is N^^ = 3 det K, 
the factor of 3 coming from the Ising sector and the factor of 
det K coming from the U(l)x sector. 

When the numerator p of the filling fraction is odd for these 
BS states, the analysis for coupling to phonons and photons is 
similar to that of the MR state. The TQFT and hence the S- 
matrix cannot be written as a product of a neutral sector TQFT 
(or 5'-matrix) with a charged sector TQFT (or 6'-matrix), so 
the TQFT's ground state degeneracy due to genus ^ > is 
fully split by the presence of (gapless) photons in the system 
coupling to the quasiparticles' electric charges. Hence, the re- 
sulting quasi-topological phase has Nj: = 1 for all manifolds 
S without boundaries or quasiparticles. The pseudo-ground 
state degeneracy due to boundaries or quasiparticles carry- 
ing Ising a topological charge is preserved. Though there 
are non-universal phases similarly occurring for quasiparti- 
cle exchange processes, the braiding statistics of the quasi- 
particles is again preserved, in this case being described by 

R = ^Ising^U(l)K- 

In the case when the numerator p of the filling fraction is 
even for these BS states, something more interesting occurs. 



Namely, the neutral quasiparticle sector will contain a quasi- 
particle that carries Ising topological charge a (in addition 
to the two neutral quasiparticles that carry Ising topological 
charges / and t/j, respectively). Moreover, an even numerator 
BS state's TQFT takes the form of a product of a TQFT de- 
scribing the neutral sector and a TQFT describing the charged 
sector. In particular, the charge sector will be a Zq TQFT, and 
the neutral sector TQFT will be one of the eight Galois conju- 
gates of the Ising TQFT, meaning it has the same Ising fusion 
rules listed in Eq. ([T9l) , but the F- symbols and i?- symbols 
may be different (see, e.g. Table 1 of Ref. JJj). These eight 
different Ising TQFT Galois conjugates can be distinguished 
entirely by the topological twist factor Ocr = e*^^^ of the a 
quasiparticle, with the integer n (mod 8) labeling the different 
TQFTs. For example, the Ising TQFT has Oct = e'^^ and the 
u = 2/5 BS state built over the MR state has 6^ = e"*t^ in 
its neutral sector. 

Since these even numerator BS states have this product 
structure, the coupling of the TQFT to (gapless) photons to 
electric charge will split the degeneracy associated with the 
charge sectors, but not that of the neutral sectors. The neu- 
tral sector (Ising Galois conjugate) TQFT structure is fully 
preserved in this quasi-topological phase. The pseudo-ground 
state degeneracy on any manifold is that of the Ising TQFT. 
Despite this, the quasi-topological phase is still not quite 
strong (though it is close). This is because the braiding statis- 
tics of quasiparticles is not quite described by the neutral sec- 
tor TQFT, as there are additional Abelian braiding statistics 
phase factors that arise from the charged sector, i.e. R = 
RismgRv{i)K- describe this situation by saying the the 
neutral topological degrees of freedom form a "strong subsec- 
tor" of the quasi-topological phase. There are, of course, also 
non-universal (dynamical and Aharonov-Bohm) phase factors 
that arise for quasiparticle exchange operations, just as for the 
other cases. 

The stability of a quasi-topological phase is greater than 
one might naively expect - not just the "strong" ones, which 
have a strong family resemblance to (true) topological phases, 
but even more generic quasi-topological phases. Suppose, for 
instance, that an Ising-type FQH state is coupled to gapless 
electrons. This could be due to a metallic lead. Or, for in- 
stance, suppose that there is a parallel conduction channel in 
a GaAs quantum well (e.g. in the dopant layer), and that there 
is tunneling from the parallel conduction channel to the two- 
dimensional electron gas (2DEG). Even if the tunneling were 
to occur at a cr quasiparticle, where there is a Majorana zero 
mode, there would be a charge gap protecting the bulk system 
against such tunneling at low energies. For an electron to tun- 
nel into an Ising-type state, it must create a neutral fermion 
(which costs zero energy at a a quasiparticle) and a charge 
— e, which costs a finite energy (roughly twice the transport 
gap). However, a gapless Majorana fermion edge excitation 
is very different from an electron in this respect. A gapless 
Majorana fermion from the edge can tunnel to a zero mode in 
the bulk at low energies. However, this tunneling will be ex- 
ponentially suppressed with distance of the bulk quasiparticle 
from the edge. Therefore, it is important to keep a quasiparti- 
cles far from the edge to prevent this from happening ^^^^ . 
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As we noted in the case of the Kitaev honeycomb lattice 
model, neutrinos are not a problem, either. Although no 
charged excitations would be created if a neutrino were to ab- 
sorbed by the Majorana zero mode of a a quasiparticle, such 
a tunneling operator would be suppressed because it is a non- 
local operator when written in terms of electrons. To see this, 
note that the Majorana zero mode operator is a Bogoliubov- 
de Gennes operator for a composite fermion p -\- ip supercon- 
ductor. Since the composite fermion operator is non-local in 

terms of the electron operator, V^cf(^) = V^ei(^) e^'^^o ^ (the 
gauge field a is determined by the Chern- Simons constraint), 
where xq is on the boundary of the system, a term that is linear 
in such an operator is non-local in terms of electron operators. 

Therefore, the quasiparticle degeneracy and braiding statis- 
tics of an Ising-type FQH state is robust against phonons, pho- 
tons, and (weak) coupling to a metal. However, only the pro- 
jective part of the braid group representation is likely to be 
readily measurable because the dynamical phase is never ar- 
bitrarily small, since the gapless excitations in the system do 
not decouple in the low-energy limit. Moreover, the pseudo- 
ground state degeneracy on higher-genus surfaces exhibits an 
0{L~^) splitting due to the interaction with photons (though 
some states retain protection of the degeneracy and other 
TQFT properties of their neutral sector). 

In such a quasi-topological phase, no fine-tuning is required 
to keep the system in this phase. Consequently, it is not fatal to 
have mobile electrons in the dopant layer. Even though they 
can, in principle, tunnel into the quantum Hall droplet, they 
are prevented from doing so at low energies. Even when there 
are degenerate states due to Majorana zero modes, it costs 
a non-zero energy for an electron to tunnel into the system 
because charged excitations must be created, and they have 
non-zero energy cost. Therefore, as we discuss in Section 
IVIIl topological qubits in the Ising-type FQH states (or any 
other non- Abelian FQH state) can serve as quantum memories 
which are perfect in the limit that the temperature approaches 
zero and all distances (the size of the system, the separation 
between quasiparticles) go to infinity. However, the overall 
phase associated with braiding is not protected. This is not im- 
portant because we are generally interested in relative phases. 



3. Read-Rezayi States 

The Zfe-Parafermionic Read-Rezayi (RR) FQH states 
(which have filling fraction v = ^^^^ , where M is odd 
for fermionic systems) exhibit behavior similar to the Ising- 
type FQH state when coupling to gapless degrees of freedom. 
These states similarly split into two classes. For all k even, 
the RR state's corresponding TQFT does not have the form 
of a product of TQFTs (the neutral and charged quasiparticles 
are inseparably linked through modular transformations). For 
these states, the TQFT's ground state degeneracy due to genus 
is completely broken by the introduction of gapless photons 
(N^ = 1 for manifolds S without boundaries), while the de- 
generacy associated with boundaries and non- Abelian quasi- 
particles, as well as the quasiparticle braiding statistics are de- 
scribed by the RR state's TQFT. 



For all k odd, the RR state's corresponding TQFT is 
the product of a neutral sector TQFT and a charged sector 
TQFT—. In particular, the neutral sector TQFT is given by 
SU(2)/e/Z2 (which is the restriction of the S\J{2)k Chem- 
Simons TQFT to integer spin quasiparticles). For example, 
in the /c = 3 RR state, the neutral sector is described by 
the Fibonacci TQFT [SU(2)3/Z2]. Again, the charged sec- 
tor TQFT experiences similar effects due to the presence of 
photons, but the neutral sector is unaffected. The neutral sec- 
tor is, thus, a strong subsector and is describe by a fully pre- 
served SU(2)/e/Z2 TQFT structure. However, these quasi- 
topological phases are not strong, because the charge sec- 
tor still contributes to the braiding statistics of quasiparticles, 
which is described by the full RR state's TQFT. 



VI. ELECTRON PARITY-PROTECTED AND OTHER 
SYMMETRY-PROTECTED QUASI-TOPOLOGICAL 
PHASES 

A. 2D Superfluids and Superconductors 

In the previous examples, we have seen how the topologi- 
cal character of a phase is modified by coupling to Goldstone 
bosons, gapless gauge field excitations (such as photons), and 
even gapless fermions. However, the Goldstone bosons which 
we considered - phonons - were, in a sense, "external" to the 
topological system. We now consider what happens when the 
Goldstone bosons are more intimately linked to the topologi- 
cal degrees of freedom. 

2D paired fermion superfluids and superconductors^— 
share many properties with topological phases and are often 
treated as though they actually topological phases. An 5- wave 
paired fermion superfluid has vortex excitations and unpaired 
fermions. Since vortices have logarithmic interactions with 
each other, it is difficult to define a regime in which the braid- 
ing phase dominates the dynamical phase when vortices are 
moved. However, in a two-dimensional superconductor, the 
vortex- vortex interaction falls off as 1/R'^. Therefore, for 
large enough separation, we can define braiding. Vortices are 
bosonic with respect to each other, but when a vortex encir- 
cles an unpaired fermion or vice versa, the state of the sys- 
tem acquires a minus sign. In this respect, vortices and un- 
paired fermions are similar to the e and m quasiparticle types 
in the toric code phase. Furthermore, one can consider a col- 
lective formed by a vortex and an unpaired fermion, and it is 
analogous to an i/j quasiparticle. The fusion rules also follow 
those of the quasiparticle types of the toric code. A chiral p- 
wave paired fermion superfluid has Majorana zero modes in 
its vortex cores. As a result, it has the fusion rules expected 
for a particles in the Ising topological phase. Braiding can 
only be defined up to a phase, as result of the logarithmic 
interaction between vortices noted above; the relative braid- 
ing phases (e.g. the ratio Rj^ /R'^^) are those expected for 
Ising anyons. In a chiral p-wave superconductor, the braiding 
phases are well-defined and equal to those of Ising anyons, 
with an unpaired fermion identified with the quasiparticle. 
Despite these similarities between superfluid/superconducting 
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states and topological phases, there are important differences, 
as we will see. 

Consider, for example, the 2D paired superfluid or super- 
conductor on a torus. For simplicity, we first consider the ex- 
ample of s-wave pairing and then discuss the more interesting 
example of p-wave pairing. We begin with the case of neutral 
superfluids, which have gapless Goldstone modes. The order 
parameter 6 will have winding numbers Wm and wi) around 
the meridian and longitude of the torus, respectively. We as- 
sume that the torus has modular parameter i or, in other words, 
that it is an L X L square with periodic boundary conditions, 
so that we have = 27rWmx/L + 27rwiy/L. As a result of 
the Goldstone mode, a state with winding numbers {wm , wi ) 
on this torus will have energy 

E=P^jd'x {Vef = 2n'pr{wl + wf) (55) 

We assume that the torus is very thin, and is the super- 
fluid density per unit area. Therefore, the (0, 0) state is the 
ground state and the gap to non-zero winding states is a con- 
stant, independent of L. (A four-fold degenerate ground state, 
corresponding to winding numbers (0, 0), (1, 0), (0, 1), (1, 1), 
would be expected if a two-dimensional s-wave paired super- 
fluid were in a toric code topological phase, as one might have 
anticipated, for reasons discussed above.) 

In the case of a chiral Px ± ipy paired superfluid, a simi- 
lar analysis holds, although the situation is more complicated 
because gauge symmetry and rotational symmetry are inter- 
twined by the ordering. As a result, the (1,1) state has odd 
fermion number and there are only three pseudo-ground states 
with even fermion number. However, the basic observation in 
Eq. (l55l) remains unchanged: the splitting between would-be 
ground states on the torus is a constant, independent of L. 
A chiral Px ± ipy paired superfluid has an additional feature 
which is not present in the 5-wave case. Consider a chiral 
Px ± ipy paired superfluid with 2n vortices (i.e. 2n punc- 
tures with a vortex at each puncture). There will be a 2^~^- 
dimensional space of pseudo-ground states, due to the exis- 
tence of Majorana (nearly) zero modes localized at the vor- 
tices. This degeneracy has exponentially-decaying splittings 
caused by hybridization between the (nearly) zero modes; 
fluctuations of the order parameter do not change this. There- 
fore, in the chiral Px ± ipy case, the stiffness of the order 
parameter causes some energy splittings to be independent of 
the system size while others still decay exponentially. 

Now suppose that we couple a chiral Px ± ipy superconduc- 
tor to gapless fermions. A fermion can tunnel into a Majorana 
zero mode because its fermion number can be absorbed by 
the condensate. Suppose, for instance, that we have a metallic 
lead which is brought into contact with a vortex. The coupling 
takes the form 

Htnn = A ct (r = 0) 7 + A*7 c(r = 0) e'^^^ (56) 

Here, 7 is the Majorana zero mode operator and c(r = 0) 
is the electron annihilation operator in the lead at r = 0, 
which is assumed to be the location of the vortex. In the 
superfluid state, 6 can be taken to be a constant. Whereas 



= l/{u -\- i5) (with (5 ^ 0) in the absence 
of the lead, in the presence of the lead we, instead, have 
(7(cj)7(-cj)) = l/(cj + ir), with r = X^Nf, where Np 
is the density of states at the Fermi energy in the lead. Con- 
sequently, the zero mode is absorbed by the lead, and there is 
no longer any ground state degeneracy, as evidenced by the 
absence of a pole at a; = 0. It is, of course, obvious that this 
would happen, but it is instructive to see how the case of a su- 
perfluid is different from the Kitaev honeycomb lattice model 
or an FQH state. In the latter two cases, the charged mode is 
gapped, so the analogue of the operator e~*^/^ (which we can 
treat as a constant in a superfluid) creates a gapped excitation. 

We now consider the case of a two-dimensional supercon- 
ductor on a torus. In the 5- wave case, this system would 
be in a toric code topological phase if the electromagnetic 
gauge field were purely two-dimensional. However, the three - 
dimensionality of the electromagnetic field leads to important 
differences, as we now see. 

A non-zero winding number state will have magnetic flux 
threading through the corresponding generator of the torus. 
If the superconducting surface is thicker than the London 
penetration depth, then the flux will be hc/2e. If the torus 
has longitude ~ L, then the magnetic field strength will be 
\B\ (X 1/L^. If the torus also has meridian ~ L, then the total 
magnetic field energy will be ex B^L^ (x 1/L. In addition, 
there will be some gradient or superflow energy coming from 
the toroidal shell which is within a London penetration depth 
A of the inner and/or outer surface (depending on which hole 
has flux penetrating through it). For L A, the superflow or 
gradient energy will be E^^ oc p^^ X{w'^ + ^?)' where p^^ is 
the superfluid density per unit volume. Therefore, the field en- 
ergy gives a contribution to the splitting between ground states 
which is (X 1/L while the order parameter gradient energy 
gives a contribution which is independent of L for the (realis- 
tic) case of pI^ which is independent of the thickness L' of the 
torus. (However, when expressed in terms of p^^ , the gradi- 
ent energy takes the form E^f (x {p^^ / {w'^ + ) , from 
which we see that the gradient energy is reduced from the neu- 
tral superfluid case by a factor of X/L\ where L' is the thick- 
ness of the torus.) On the other hand, if the superconducting 
surface is thinner than the London penetration depth, L < X 
then the flux can be much smaller. In the limit of an infinitely- 
thin superconducting surface, there will be no magnetic field, 
and there will be an energy cost for non-zero winding due to 
the gradient of the order parameter given in Eq. (l55l) . precisely 
as in the case of a neutral superfluid. On the other hand, the 
splitting of multi- vortex states caused by coupling to gapless 
fermions as in Eq. (l56l) is unchanged by the electromagnetic 
field because Eq. (l56l) is akeady gauge-invariant, so there is a 
constant splitting, regardless of whether we are dealing with a 
neutral or charged superfluid. 

From the preceding discussion, we see that in 2D super- 
conductors and superfluids, there is no pseudo-ground state 
degeneracy on the torus (N^^ = 1) and, if there is a cou- 
pling to gapless electrons, there is no degeneracy of multi- 
vortex states. These two lifted degeneracies are related. The 
latter is due to the fact that an electron can tunnel into a Majo- 
rana zero mode without having to overcome an energy gap (if 
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we can neglect fluctuations of the order parameter, which is 
the case in the ordered superfluid or superconducting states). 
The connection to the case of the torus foUows from the fact 
that an electron can be converted into a Majorana fermion in 
the superconductor by a coupling such as that in Eq. (l56b . In 
two of the three would-be ground states on the torus, a Ma- 
jorana fermion operator 7 must change sign in going around 
one of the generators of the torus. But, since an electron cre- 
ation/annihilation operator or c must be single- valued and 
i^tun must be single- valued, the phase of the order parameter 
6 must also wind around the corresponding generator. This 
winding leads to the energy splitting on the torus in Eq. (l55l) . 

An underlying reason that a 2D superconductor is not in a 
topological phase is because the 3D electromagnetic field does 
not give an Anderson-Higgs gap to the 2D Goldstone mode. 
The 3D electromagnetic field gives a gap to the would-be 
Goldstone mode of a 3D superconductor, and a 2D gauge field 
(which would have to be an emergent gauge field) would give 
a gap to the would-be Goldstone mode of a 2D superconduc- 
tor (the latter is the scenario considered in Ref. |66l). However, 
the 3D electromagnetic field leaves a gapless would-be Gold- 
stone mode with dispersion relation ujp oc ^Jp. Therefore, a 
2D superconductor could, at best, be in a quasi-topological 
phase, and even this is only possible if electron parity is main- 
tained. There is a second effect of the three-dimensionality 
of the gauge field: the gauge field configuration which can- 
cels the order parameter gradient, A = V9 must necessarily 
have a non-zero magnetic field somewhere in 3D space, i.e. 
there is no pure gauge extension of A = VO to the entire 3D 
world. As a result, there is magnetic field energy associated 
with non-zero windings and even some gradient energy due 
to the non-zero penetration depth of the magnetic field. If, on 
the other hand, the universe were a 3D torus and the su- 
perconducting torus wrapped around two of the directions 
of the universe, then the gauge field A = V9 could be triv- 
ially extended to the whole universe and there would be no 
energy splitting between different ground states on the torus. 
Therefore, one can understand the order parameter gradient 
energy splitting between different would-be ground states on 
the torus as resulting from a mismatch between the topology 
of the 2D system and the topology of the 3D space. (Note that 
a 2D gauge field would perfectly screen gradients in the order 
parameter, rather than leave an unscreened layer at the surface 
of thickness equal to the penetration depth.) Furthermore, the 
embedding of the torus in a real 3D world leaves open the 
possibility that different 2D pseudo-ground states might be 
locally distinguishable by measurements in three dimensions, 
which is the case when there is magnetic flux threading the 
torus. 



B. Definition 

A chiral 2D p-wave superconductor is an example of an 
electron parity-protected quasi-topological phase: a phase 
which is quasi-topological so long as electron parity is con- 
served. If we generalize this, by replacing electron parity 
by any symmetry, then we have the notion of a symmetry- 



protected quasi-topological phase. 

Definition (Symmetry-Protected Quasi-Topological 
Phase): A system is in a symmetry-protected quasi- 
topological phase associated with a symmetry group G if 
there is an energy A and a length scale ^ which, respectively, 
have a strictly positive limit and a finite, non-negative limit as 
L ^ 00, such that the following properties hold. 

(i) On a manifold E, there is a set of orthonormal energy 
eigenstates |a), where a G {1,2,..., Ny}, including the ab- 
solute ground state |1) (with energy Ei = 0), such that for 
any local operator (j) that is invariant under the group G 

(a|(/)|6) =C(5a5 + 0(e-^/^) (57) 

for a, 6 G {1,2,..., N^}, where C is independent of a, h. 
For operators which are not invariant under G, the corrections 
will be bounded below by aL~^ for some nonzero coefficient 
a and finite non-negative exponent 

The Hamiltonian is a particular local operator that is invari- 
ant under the group G, so it follows that 

6E^ = max(lKl) = 0(e-^/^) (58) 

for a G {1,2,..., N^}, where Ea is the energy of the state 
\a). 

(ii) Nj2 depends only on the topological configuration of 
the system. 

(iii) We define 

Q = mm{\E^-Ea\) (59) 

for any a G {1, 2, . . . , TV^} and |x) ^ Ho = 
span{|l), . . . , |A^s)}. Then, there must exist a finite z > 
and an L-independent > such that 

n - kL-\ (60) 

(iv) There are no states with energy less than A that have 
topologically nontrivial excitations. 

Note that, as in the case of quasi-topological phases, the 
pseudo-ground state space of a symmetry-protected quasi- 
topological phase does not need to be described by a TQFT 
(though it is for strong quasi-topological phases). In the 
case of a 2D superconductor, Nj] = 1 for manifolds with- 
out boundaries, but the quasiparticle braiding statistics (and 
pseudo-ground state degeneracy for 2D chiral p-wave super- 
conductors) is nontrivial. These features definitely cannot be 
described by a TQFT, since Nj^ = 1 for all manifolds without 
boundaries only for a trivial TQFT. 

Symmetry-protected quasi-topological phases are similar in 
spirit to symmetry-protected topological phases^^'^^. Topo- 
logical insulators are an example of the latter: they can- 
not be continuously deformed into trivial insulators if time- 
reversal symmetry is respected. However, they have no 
non-trivial quasiparticles and if one is allowed to violate 
time-reversal symmetry, then topological insulators can be 
continuously deformed into trivial insulators. Thus, when 
viewed as topological phases, subject to arbitrary perturba- 
tions, they are trivial. Similarly, the following systems are 
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trivial topological phases in the absence of symmetry protec- 
tion: px ± ipy superconductors^^; three-dimensional topo- 
logical insulator-s-wave superconductor heteroj unctions with 
hc/2e vortices present^^; superconductor-spin-orbit-coupled 
semiconductor- ferromagnetic insulator heteroj unctions 
and spin-orbit-coupled quantum wires with superconductivity 
induced through the proximity effect^-"^. However, if elec- 
tron parity is preserved, then they all have interesting topolog- 
ical character, which fits the definition above. 

For instance, in the case of three-dimensional topological 
insulator-s-wave superconductor heteroj unctions, it is cru- 
cial that the topological insulator have an insulating three- 
dimensional bulk. As a matter of principle, the insulating 
phase is stable and exists over a range of parameters, so fine- 
tuning is not required. However, as a practical matter, in insu- 
lators with small band gaps (such as all of the known topolog- 
ical insulators), even a small density of impurities will lead to 
metallic behavior. Therefore, some effort is needed to elimi- 
nate this bulk electrical conduction. In the case of spin-orbit- 
coupled quantum wires with proximity-induced superconduc- 
tivity, metallic gates may be used to bring the chemical po- 
tential into the necessary regime. This does not require fine- 
tuning since there is a range of chemical potentials in which 
the wire will support Majorana zero modes. However, the 
leakage of electrons from the metallic gates to the quantum 
wire must be suppressed, or else electron parity will not be 
conserved in the wire. 

In order to guarantee that electron parity is preserved, some 
effort may be required, as in the case of conventional qubits, 
as described above in the case of ions and superconducting 
qubits. However, once this this is accomplished - which 
amounts to the preservation of a (discrete) symmetry - then 
Majorana fermion zero modes can serve as topologically pro- 
tected quantum memory and other sources of error will be ex- 
ponentially suppressed in the temperature or system size. 

However, as we have seen from the discussion of the 
previous section, electron parity-protected quasi-topological 
phases differs from topological phases very drastically when 
it comes to the splitting between would-be ground states on 
(for instance) the torus: in the former case, this splitting re- 
mains finite, even for large system size, while in the latter 
case, it vanishes exponentially fast. The only way to make the 
splitting small is to fine-tune it - essentially by suppressing 
the superconducting long-ranged order. 



VII. PROTECTING QUANTUM INFORMATION 
A. Conventional Systems 

To understand the protection of quantum information af- 
forded by topological and quasi-topological phases of matter, 
it is helpful to contrast it with "conventional" qubits based on 
local degrees of freedom. As examples, we consider trapped 
ions and superconducting charge qubits. 

In ion trap qubits, the two-level system which stores quan- 
tum information is the ground state and a long-lived excited 
state of an ion. The excited state has a long lifetime because 



the decay rate through photon emission is proportional to the 
fine structure constant a ^ 1/137, which is small, and to 
the square of the transition matrix element, which is small if 
the transition is electric dipole-forbidden. The energy split- 
ting between the two states is very accurately measured and 
stable, so long as the ion is isolated. Thus trapped ions form 
excellent qubits, for which gates have been designed^^. How- 
ever, although the lifetime of the excited state is very long, it is 
fixed once and for all, once the ion and the excited state have 
been chosen. Said differently, the ionic qubit is long-lived be- 
cause it interacts weakly with the environment. Though this 
interaction is weak, it cannot be made arbitrarily weak. There- 
fore, for computations longer than the lifetime of the excited 
state, it will be necessary to use software-based error correc- 
tion (see, e.g. Ref. [79|) . 

A superconducting charge qubit^^ (or "Cooper pair box") 
is a pair of superconducting islands whose charging energy is 
tuned so that the state with N Cooper pairs on one island is 
degenerate with the state with + 1 Cooper pairs on that is- 
land. This qubit is stable as long as the temperature is much 
lower than the gap, so that the system cannot be in a state 
with N -\- ^ Cooper pairs due to thermally-excited quasiparti- 
cles. However, the energy difference between the states with 
N and A" + 1 Cooper pairs can vary if the electrostatic po- 
tential varies. Gate voltage noise or stray charges can eas- 
ily cause such potential variations, so Cooper pair boxes can 
only operate as qubits if these sources of electrostatic poten- 
tial fluctuations are kept small. In a "transmon" qubi^, the 
Josephson coupling between the islands is sufficiently large 
that the energy difference between the two states is insensitive 
to variations in the electrostatic potential. In fact, the sensitiv- 
ity is exponentially- small in the ratio between the Josephson 
and charging energies, Ej/Ec. However, this ratio cannot be 
made arbitrarily large because, if Ej/Ec is too large, then 
quantum gate operations are likely to cause leakage errors to 
higher excited states. Therefore, once again, one must choose 
a ratio Ej / Ec to give a small, but fixed, error rate. For longer 
computations, software error correction is necessary. 



B. Topological Protection 

In a topological phase, quantum information is protected 
for a different reason: it is encoded in degrees of freedom that 
do not couple to local perturbations (up to corrections that are 
exponentially suppressed in L). Although some tuning may be 
necessary to bring a system into a topological phase, the phase 
will be stable throughout a region of parameter space and no 
system parameters need to be at precise values to optimize the 
protection from errors. A topological qubit 's lifetime r in- 
creases without bound as the temperature is decreased and the 
system's length scales increased (r ~ A/T, In contrast, 
for conventional qubits (such as those described in the previ- 
ous paragraphs), it is not possible, even in principle, to make 
the error rate arbitrarily small as a function of some parame- 
ter. Of course, in practice, there may be very little difference 
between a long-lived topological qubit and a long-lived con- 
ventional qubit, and topological qubits may ultimately require 
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software error correction, but there is, at least, a difference in 
principle. 

In addition to protecting the quantum information encoded 
in qubits, it is also important to manipulate quantum infor- 
mation without introducing errors. This provides another 
point of contrast between the conventional and topological 
approaches. Similar to the situation for qubit lifetimes, the 
fidelities of gates and measurements for conventional qubits 
are fixed at some optimized value by the system parameters, 
whereas, for topological qubits, these fidelities can be made 
arbitrarily close to 1, with exponentially suppressed errors as 
L is increased and uj and T are decreased. One might naively 
worry that qubits which are truly topologically protected from 
noise will also be incapable of being read out or acted upon 
with computational gates. However, topological qubits can be 
read out either by performing an operation that makes the (for- 
merly non-locally encoded) quantum information local, e.g. 
by moving quasiparticles close to each other, followed by a lo- 
cal measurement, or by performing a non-local measurement 
of the topological degrees of freedom, e.g. anyonic interfer- 
ometry^^. Such measurements enjoy topological protection in 
the sense that they are measuring topological quantum num- 
bers which are not destroyed by the measurement nor local 
operations, so they can be repeatedly measured to improve 
the measurement fidelity. 

In a topological phase, unitary transformations may be 
generated by performing topological operations on the sys- 
tem, such as adiabatic quasiparticle exchanges^'^, topologi- 
cal charge measurements^^'^"^, or changing the system's topol- 
ogy2^~— . The action of such unitary transformations on the 
pseudo-ground Hilbert space will similarly be topologically 
protected, i.e. have exponentially-suppressed errors, as long 
as the system's lengths are long compared to the correlation 
length and the temperature, energies, and inverse time scales 
are small compared to A. However, the set of topologically- 
protected gates that can be generated may not be computation- 
ally universal, meaning it may not enable arbitrary quantum 
computations to be performed. For two-dimensional systems, 
the ideal scenario is when braiding operations are computa- 
tionally universal, which is the case for many TQFTs, such 
as SU(2)/e for /c = 3 and k > 5^. For these cases, one 
only needs planar geometries with quasiparticles/boundaries 
and the ability to perform (braiding) exchanges or topological 
charge measurements of pairs of quasiparticles/boundaries to 
generate computationally universal gates. 

Unfortunately, in a topological phase of Ising anyons 
[which is computationally equivalent to SU(2)2], braiding op- 
erations alone cannot generate universal gate sets. This is 
because, working in the standard (one qubit in four a quasi- 
particles) encoding, braiding only generates the single qubit 
Clifford gates. To make this gate set universal, it must be 
supplemented by an entangling gate, such as the controlled- 
NOT or controlled- Z gate, and a phase gate outside the set, 
such as the 7r/8-phase gate (or any 6>-phase gate with 6 ^ 
rij). A topologically-protected entangling gate can be imple- 
mented given the ability to measure the collective topologi- 
cal charge/total fermion parity of up to (at least) four Ising a 
quasiparticles^^. Both of these missing gates can be imple- 



mented with topological protection for the Ising TQFT given 
the ability to perform certain topology changing operation s^, 
following the protocol of Bravyi and Kitaev^^ (see Ref. [H 
for a recapitulation of their construction). For these topology- 
changing protocols, the topological protection of degenera- 
cies in the pseudo-ground state subspace due to higher genus 
plays a crucial role, onsequently, topology-changing pro- 
tocols do not produce topologically-protected gates in those 
quasi-topological Majorana phases that do not preserve these 
degeneracies. Without topology changing operations, one 
must resort to topologically unprotected operations to gener- 
ate the missing phase gate, such as using quasiparticle sepa- 
ration to explicitly split the energy degeneracies, interference 
techniques^, or coupling to conventional qubit systems2L2^. 
Fortunately, the other topologically-protected Ising gates al- 
low for error-correction of a noisy 7r/8-phase gate (which is 
sufficient supplementation to achieve universality) with a re- 
markably high threshold of approximately 14%^. 

To summarize, a topological phase will always have 
some gates (necessarily including the identity gate) that are 
topologically-protected, which means they can be made ar- 
bitrarily accurate by lowering the temperature and increas- 
ing the systems' length scales. The contrast with conven- 
tional qubits, which enjoy no topological protection, is stark- 
est when the protected gates are computationally universal. 
When some unprotected gates are needed, the situation vis-a- 
vis these gates is similar, in principle, to conventional qubits, 
although error-correction thresholds may be significantly less 
strict. We now consider how the situation differs for quasi- 
topological phases (reiterating some of the previous discus- 
sions). 



1. Strong quasi-topological phases 

Strong quasi-topological phases behave essentially the 
same as topological phases. The low-energy (E < A) degrees 
of freedom are a direct product of a TQFT and the gapless de- 
grees of freedom. All topological degeneracies and operations 
given by the TQFT are preserved and topologically protected. 
In particular, topology changing protocols can be employed 
(at least in principle), if necessary. The visibility of interfer- 
ence processes may be reduced by the presence of the gapless 
degrees of freedom, but this is not a fundamental distinction. 

Strong quasi-topological phases with universal braiding 
could potentially be realized by certain lattice models2i2&, 
however, these are likely too difficult to practically imple- 
ment. Kitaev's honeycomb model in the B phase exhibits the 
Ising TQFT, which, as previously mentioned, requires topol- 
ogy changing operations to achieve topologically protected 
universal quantum computation. 



2. Quasi-topological phases 

Quasi-topological phases that are not "strong" have a 
pseudo-ground state subspace that is not described by a 
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TQFT. This pseudo-ground state subspace may still ex- 
hibit exponentially-suppressed splitting of degeneracies and, 
hence, topological-protection of qubits and topological gate 
operations acting within this subspace. The algebraic struc- 
ture of these protected subspaces and operations within them 
will depend on the details of the system. Typically, the 
pseudo-ground states will be those of the non-local anyonic 
state space of non-Abelian anyons (boundaries/quasiparticles) 
in the system, rather than states associated with non-trivial 
topology (e.g. genus). However, it is possible for a system 
to have a strong subsector, i.e. a subspace of the pseudo- 
ground state subspace that is actually described by a TQFT 
and behaves like a strong quasi-topological phase. Within 
this smaller subspace, topology changing operations would 
still be topologically-protected. We emphasize that topologi- 
cally protected quantum information and computational gates 
are better protected than is sometimes appreciated for quasi- 
topological phases. For example, these phases provide robust 
protection from gapless electrons. 

As described in Section|VC2l Ising-type FQH states^'i^^ 
are likely to occur in the second Landau level, notably at 
z/ = 5/2 and 12/5. These quasi-topological phases have topo- 
logical protection associated with their non-Abelian anyons, 
which carry Ising a topological charge. Thus, qubits encoded 
in the non-Abelian quasiparticles and gates produced from 
braiding or measurement operations will be topologically- 
protected for all of these states. As previously discussed, 
these operations alone are not computationally universal for 
Ising (or Ising-type) quasiparticles. Topology changing op- 
erations will only be topologically protected within a strong 
subsector of a quasi-topological phase (assuming is has one). 
For the (fermionic) states with odd numerator (not counting 
fully filled Landau levels), such as the = 5/2 MR and anti- 
Pfaffian states, there is no strong subsector and none of the de- 
generacies due to genus remain protected. In the (fermionic) 
states with even numerator (not counting fully filled Landau 
levels), such as the = 12/5 BS states, the neutral sector 
forms a strong subsector in which the TQFT structure re- 
tains topological protection. We also note that, if the long- 
ranged Coulomb interactions could somehow be eliminated 
from FQH states, so that topology-changing operations could 
be implemented with topological protection for all the Ising- 
type FQH states, only the states with odd denominators have 
modular transformations capable of enhancing the gate set to 
make it computationally universal. 

The (particle-hole conjugate^"^ of the) Za-parafermionic 
Read-Rezayi state^^ is also a strong candidate for the u = 
12/5 FQH state. This quasi-topological phase has topologi- 
cal protection associated with its non-Abelian anyons (which 
carry Fibonacci e topological charge). Moreover, the neu- 
tral sector is a strong subsector described by the Fibonacci 
TQFT. Qubits encoded in the non-Abelian quasiparticles and 
gates produced from braiding or measurement operations will 
be topologically-protected, and quasiparticle braiding is com- 
putationally universal. Topology changing operations are 
protected within the strong pseudo-ground subspace and de- 
scribed by the Fibonacci TQFT. Actually, these properties are 
common to all Zfc-parafermionic Read-Rezayi states with k 



odd (and > 1), except that the strong subspace is described 
by the SU(2)fc /Z2 TQFT [the restriction of SU(2)/e to integer 
spins] . 



3. Symmetry protected quasi-topological phases 

Symmetry-protected quasi-topological phases behave as 
quasi-topological phases, with the prerequisite that the sym- 
metry of the system is not violated by an external effect. The 
extent to which qubits and gates are topologically protected 
is bounded by the extent to which this symmetry is protected. 
Fortunately, it is not necessarily difficult to provide excellent 
protection of this symmetry. For example, fermion parity pro- 
tected quasi-topological phases can be protected from fermion 
parity violating effects simply by introducing insulating lay- 
ers between the symmetry-protected quasi-topological system 
and dangerous electron sources (e.g. metallic leads) capable 
of causing the topological protection to fail. This can be very 
strong protection since electron tunneling through an insulat- 
ing barrier is exponentially suppressed as a function of inverse 
temperature and layer thickness. 

The px i Wy paired superconducting systems^i^~i22i2^ are 
fermion parity protected quasi-topological phases. As long as 
the system is protected from fermion parity violations, these 
phases have topological protection associated with their Ma- 
jorana zero modes (which are akin to Ising cr topological 
charge), but do not maintain any topological protection for 
degeneracies associated with higher genus. Thus, qubits en- 
coded in the Majorana zero modes and gates produced from 
braiding or measurement operations will be topologically- 
protected. As previously discussed, quasiparticle braiding op- 
erations alone are not computationally universal. Topology 
changing operations will not be protected. 

It is worth mentioning that the potential drawback of need- 
ing to protect fermion parity in these superconductivity-based 
Majorana systems could also prove to be advantageous. Their 
sensitivity to fermion parity is the basis for proposals to 
coherently couple topological qubits in these systems with 
conventional qubit a^^i^^'^^ . For example, the fermionic par- 
ity of a Majorana qubit can be measured by the Aharonov- 
Casher effect with ordinary flux hc/2e superconducting vor- 
tices which may, themselves, be outside the Majorana system. 
Consequently, an hc/2e vortex tunneling into a flux qubit or 
around a quantum dot will be sensitive to the fermionic par- 
ity of a Majorana qubit in an electron parity-protected quasi- 
topological phase. This enables one to coherently couple and 
transfer quantum information between the topologically pro- 
tected qubits and conventional qubits. 



VIII. DISCUSSION 

It is virtually unimaginable for a system to be in a topo- 
logical phase, according to the usual definition given at the 
beginning of this paper. If we were to take an L x L x L 
region of space and shield it perfectly from the rest of the 
universe, it would still be the case that the Hamiltonian for 
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the interior of this region would have gapless excitations. If 
it is not filled by a superconducting solid, then there will be 
gapless photons (or, to be more precise, photons with a gap 
c/L). If it is filled by a solid, superconducting or otherwise, 
then there will be gapless phonons. In order to give an exam- 
ple of a topological phase in Section Jill we had to consider 
the unphysical limit of a superconducting solid composed of 
infinitely-massive atoms. 

It follows that TQFTs cannot give a complete description 
of real systems. This is, perhaps, somewhat surprising be- 
cause the mathematical theory of TQFTs does not give any 
clues about its limitations, unlike most quantum field theo- 
ries, which would suffer from ultraviolet divergences in the 
absence of a high-energy cutoff and, therefore, are only ap- 
plicable below this cutoff. All predictions of TQFTs are per- 
fectly finite and physically reasonable. 

Therefore, the best that one can hope for in the real world 
is a situation in which there are gapless excitations, but they 
decouple at low energies from the topological degrees of free- 
dom - or, in the terminology introduced in this paper, the sys- 
tem is in a "strong'' quasi-topological phase. In this case, 
a TQFT will apply to some of the degrees of freedom of a 
system - but only in the low-energy, low- temperature, long- 
distance limit and, even in this regime, the degrees of freedom 
which they do not encompass decouple only as a power law 
in the temperature or system size. (It would be interesting 
to see if the methods used to prove the stability of topologi- 
cal phases ^^'^^ can be extended to prove the stability of quasi- 
topological phases as well.) 

In many other cases, the situation may be even worse. And 
yet, this does not mean that one should discard TQFTs alto- 
gether. In fact some of their predictions hold (possibly with 
modifications) in a wide variety of systems. Therefore, it is 
important to distinguish between the different possible types 
of discrepancies between a physical system and the predic- 
tions of a TQFT. 

In this paper, we have classified such systems as quasi- 
topological phases and symmetry-protected quasi-topological 
phases. They offer successively less protection for quantum 
information. Ironically, it appears that they are successively 
easier to realize in nature. It is, therefore, important to under- 
stand if there is a fundamental reason for this or whether it is 
merely an accident due, ultimately, to the fact that we under- 
stand the physics of topological superconductors, which are 
in an electron-parity protected quasi-topological phase, better 
than we understand quasi-topological phases. Another inter- 
esting question for further research is whether there are more 
quasi-topological phases than topological phases or, in other 
words, whether the loosening of the requirements of a true 
topological phase allows for more possibilities. We also note 
that a parallel classification may apply to critical points at 
which a topological degeneracy coexists with gapless excita- 
tions, such as the one introduced and analyzed in Ref. WK 
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Appendix A: Algebraic Properties of a (2 + 1)D TQFT/Modular 
Tensor Category 

In this appendix, we briefly review the algebraic properties 
of fusion and braiding of quasiparticles, as described by uni- 
tary braided tensor categories (BTC). When a BTC has unitary 
^'-matrix, it is a modular tensor category and cor respon ds to a 
TQFT. For additional details, see Ref S.[l5ll62ll82ll9 81991 

There is a finite set of topological charges C, which obey a 
commutative, associative fusion algebra 



a X b - 



cec 



(Al) 



where N^^ are positive integers indicating the number of dis- 
tinct ways charges a and b can be combined to produce charge 
c. There is a unique "vacuum" charge, denoted or /, which 
has trivial fusion (and braiding) with all other charges, i.e. 
TV^o = ^ac, and which defines the unique conjugate a of each 
topological charge a via N^^ = Sab. 

Each fusion product has an associated vector space V^^ 
with dim V^^^ = N^^, and its dual (splitting) space V^^. The 
states in these fusion and splitting spaces are assigned to triva- 
lent vertices with the appropriately corresponding topological 
charges: 





(a,6;c,/i| G 



|a,6;c,/i) G V^^^ 



(A2) 



(A3) 



where /i = 1, . . . , N^^. Most TQFTs of interest have no fu- 
sion multiplicities, i.e. 7V^^ = 0, 1, in which case the vertex 
labels fi are trivial and can be left implicit (as is done else- 
where in this paper). 

General states and operators are described using fu- 
sion/splitting trees constructed by connecting lines with the 
same topological charge. The trivalent vertices written here 
are orthonormal, in that the inner product is defined as 



(a, b; c, /i|a, b; c',11') = ^ ( ) 6 = ^cc'^^JL^JL' 



. (A4) 



(It is often convenient to weight the trivalent vertices with fac- 
tors that provide an isotopy invariant formulation of diagrams. 
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though we do not do so here.) The identity operator on a pair 
of anyons with charges a and b is written diagrammatically as 



tab 




(A5) 



Associativity of fusion is represented in the state space by 
the F-symbols, which (similar to 6j-symbols) provide a uni- 
tary isomorphism relating states written in different bases dis- 
tinguished by the order of fusion. Diagrammatically, this is 
represented as 



^1 J2 [^rf"'^1(e,a,/3)(/,M,r.) V/ 

d 





The counterclockwise braiding exchange operator of topo- 
logical charges a and b is represented diagrammatically as 



y 



Ra,= X =E W,. cr , (A7) 




where the i?- symbols represent the unitary operator for ex- 
changing two anyons in a specific fusion channel, i.e. 




IJLV 




(A8) 



A BTC is defined entirely by its TV^^, F-symbols, and R- 
symbols. The N^^ must provide an associative and commuta- 
tive algebra. The F- symbols and i?- symbols are constrained 
by the "coherence conditions" (also known as the "polynomial 
equations"), which ensure that any two series of F and/or R 
transformations are equivalent if they start in the same state 
space and end in the same state spacdi22. Physically, these 
consistency conditions are interpreted as enforcing locality in 
fusion and braiding processes. 

Distinct sets of symbols and i?- symbols describe equiv- 
alent theories if they can be related by a gauge transformation 
given by unitary transformations acting on the fusion/splitting 
state spaces V^^ and V^^ (which are just redefinitions of the 
basis states). Ocneanu rigidity demonstrates that the only in- 
finitesimal deformations of a UBTC that continue to satisfy 
the consistency conditions are infinitesimal gauge transforma- 
tions of this sorU^. Consequently, for a given fusion alge- 
bra, there are a finite number of distinct (up to gauge transfor- 
mations) UBTCs that satisfy the coherence conditions. The 
physical consequence of Ocneanu rigidity is that the UBTC 
describing a system is unchanged by perturbations to the sys- 
tem. 

From the quantum dimensions 



da=d-a=\[F: 



oao] I -'- 
J 00 I 



(A9) 



and topological twist factors 



<^a = 0-a = J2 fRT = da [F^] oq {R^) * (AlO) 



cec 



(which are roots of unity) one can compute the topological 
^'-matrix 



(All) 



cec 



where V = ^/XlaGC the total quantum dimension. A 
theory is modular (and associated with a TQFT) iff S is uni- 
tary. In this case, the ^'-matrix together with the T-matrix, 
Tab = ^a^ab, and the charge conjugation matrix Cab = ^ab 
obey the modular relations up to a phase 



{STf = eC, = C, = t (A12) 



(A6) where 



(A13) 



aec 



is a root of unity. 



Appendix B: Some Phases of Matter with 
Algebraically-Protected Topological Degeneracy 

We now discuss two systems which have topological de- 
generacies, with all splittings decaying only as power laws in 
the system size. It is interesting to note that one example is 
one-dimensional and the other is three-dimensional, unlike all 
of the other examples given in this paper. 

Recently, it was shown that a three-dimensional system in 
which topological insulating behavior can coexist and com- 
pete with superconductivity could support hedgehog-like de- 
fects with Majorana fermion zero modes^^liiS^. This system 
is most definitely not in a topological phase. The ground 
state on the 3-torus in non-degenerate. There is a particu- 
lar, highly- symmetric Hamiltonian for which the system has 
a U(N)/0(N) symmetry group and Goldstone bosons. Away 
from this point, there is a particular preferred ground state. 
In either case, hedgehogs interact through a linear confin- 
ing force and, therefore, are not the low-energy quasiparti- 
cle excitations of the system. However, if one is willing 
and able to pay the energy cost associated with keeping the 
hedgehogs apart, they have interesting topological properties. 
When there are 2n hedgehogs at fixed positions, the system 
has a 2^~^ -dimensional Hilbert space of degenerate states up 
to exponentially- small splittings. This is a three-dimensional 
system, so there is no braiding per se, but the transformations 
associated with exchanging hedgehogs and then healing the 
order parameter comprise the ribbon permutation group. This 
group is represented only projectively on the Hilbert space of 
the theory. The unitary transformations which result are pre- 
cisely the same (up to phases) as the unitary representations 
of the braid group for Ising anyons 
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To get a system in which these hedgehogs are quasiparti- 
cles of the system, we could increase quantum fluctuations of 
the order parameter until its stiffness disappears at a quantum 
phase transition into a new phased. In this phase, hedge- 
hogs are deconfined. However, there is an emergent gauge 
field which has gapless fluctuations. This gauge field medi- 
ates a 1/r potential between hedgehogs, similar to the photon- 
mediated interaction between charged quasiparticles in the 
FQH systems. In addition, there are gapless fermionic ex- 
citations called Hopfions. 

This phase can be described most transparently in terms 
of a (4 + effective field theory. In this theory, there is 
an SU(2) fermion doublet Ci (where i is a lattice point) in 
4+1 -dimensions which fills a band with second Chern number 
equal to 1 . The system is assumed to be a slab of infinite ex- 
tent in three spatial dimensions x^y^z and finite extent in the 
fourth dimension < < 1. At the two three-dimensional 
boundaries of the slab, there are gapless fermionic excitations. 
The fermions interact with an SU(2) gauge field a^^ which 
lives on the links of the lattice, e.g. between lattice point i and 
i -\- a. Finally, there is a Higgs field <5 which transforms in 
the triplet representation of SU(2). The lattice model for the 
fermions has the form: 



^4+1 



dr 



4 {dr - iao) Q + (M + 4B)cIt''c 



)cr+/i.c.)] +5MM+^.[i'] 

(Bl) 

Here, Ci is the fermion annihilation operator. The are Pauli 
matrices. The coupling constant m determines the strength of 
the interaction between the fermions and the order parameter. 
The parameters M and B determine the band structure of the 
fermions. So long as they are in the range — 2 < M/B < 0, 
the Chem number is equal to 1. The Hermitian Dirac F ma- 
trices fO'I'-'"^ satisfy F^"^ = F^ and {F^,F^} = S^'K Suia^] 
is the Maxwell term for and So- [^] is the lattice version of 
the sigma-model action ^D^^ • D^^. T is the time-reversal 
matrix analogous to ay for the two-component fermion. We 
assume that the Higgs field <5 condenses for < 1/2 while 
(<5) = for > 1/2. Then, we have a gapped system at 
the u = boundary with magnetic monopoles which inter- 
act through a U(l) gauge field (which is the unbroken sub- 
group when $ condenses). These magnetic monopoles sup- 
port Majorana fermion zero modes. At the u = 1 boundary, 
on the other hand, there is an SU(2) doublet of gapless Weyl 
fermions. 

These gapless fermions coexist with localized Majorana 
zero modes because, as a result of the pseudo-relativistic spec- 
trum, their coupling to Majorana zero modes is irrelevant. The 
scaling dimension of this coupling is —1/2, which reflects the 
limited phase space for a Majorana zero mode to decay into 
the bulk. As a result, the splitting between the two states of a 
pair of hedgehogs a distance r apart decays as 1/r^ at T = 0. 



In a finite- sized system, we can have topological degeneracy, 
up to 0(l/r^) splittings, while gapless gauge field excitations 
and fermions have energies 0{1/L). Therefore, exchanges 
which occur faster than 0(l/r^) but slower than 0{1/L) are 
in the adiabatic regime. 

Such a system already has gapless Hopfions in the bulk, 
so connecting it to metallic leads would seem, at first glance, 
to be unimportant. However, a metallic lead will have a fi- 
nite density-of- states at zero energy, and therefore the phase 
space restrictions which save the Majorana zero modes from 
decaying into Hopfions will not save it from coupling to a 
metal. However, there is, once again, a charge gap protecting 
the system against electron tunneling. This state of matter is 
an insulator with a charge gap. While the Fermi statistics of 
an electron can be accommodated at zero energy by a Majo- 
rana zero mode, its charge will cost a finite energy, so such 
processes cannot occur at low energies. 

Therefore, this is an example of a phase in which the split- 
ting between ground state decays as a power of the quasiparti- 
cle separation (0(l/r^) in this case) and the splitting between 
the ground states and the excited states decays as a smaller 
power of the system size (0(1/ L) in this case). 

One can imagine such a phase in a three-dimensional wire 
network^^'^^^ in which the wires in the network can fluctu- 
ate quantum-mechanically between the topological and non- 
topological phases. In such a system, as described in Section 
IV C[ fine-tuning is not required because an electron cannot 
tunnel into the system at low-energy. In this sense, qubits in 
such a phase protect quantum information against more types 
of perturbations than superconductivity-based Ising anyons 
do. However, there are gapless fermions in the bulk, so error 
rates only go to zero as a power of the temperature or inverse 
system size. (Furthermore, there aren't any known protocols 
for performing a 7r/8 phase gate in such a system.) 

We now discuss a spin-orbit coupled nanowire in contact 
with an algebraically-ordered superconducting wire^^. Such a 
system has Majorana zero modes but it it gapless and the Ma- 
jorana zero modes have finite-size splittings which decays as 
a power-law in the system size. The simplest setup exhibiting 
the key physics is one with two semiconducting nanowires 
in contact with the same power-law-ordered superconduct- 
ing wire. The semiconducting wires have strong spin-orbit 
coupling, and a magnetic field is applied along the wires so 
that there is only a single branch of excitations in each di- 
rection. The superconducting wire has length L and each 
semiconducting wire has length £. We introduce a coordi- 
nate —L/2 < X < L/2 along the superconducting wire. One 
semiconducting wire lies along the —L/2 < x < —L/2^l 
part of the superconducting wire and the other one lies along 
the L/2 — ^ < X < L/2 part of the superconducting wire. 
The superconducting and semiconducting wires are coupled 
via electron tunneling and short-ranged density-density inter- 
actions. The former are suppressed by the gap in the super- 
conducting wire, so that only pair tunneling is important at 
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low energies and temperatures. The effective Hamiltonian is: causes a splitting 



H, 



2 wires 



L/2 



Api . 



(27ra) 



sm{V20p - 2(9i) 



Jl/2-£ V^TT 



sin(\/2(9p - 2(92) 



(27ra) 

J-L/2 



(B2) 



Here, i^i, ^^2, and Kp are Luttinger parameters for the two 
semiconducting wires and the superconducting wire. The 
semiconducting wires are effectively spinless Luttinger liq- 
uids, due to spin-orbit coupling and the magnetic field, and 
are described by the bosonic fields Oi , and 6>2 , (/>2 • The su- 
perconducting wire has a spin gap and is described the bosonic 
fields 6>p, (j)p for its charge mode. 

This model has Majorana zero modes at x = ±L/2 and 
X = ±L/2 — which correspond to the different minima 
of the sinusoidal potentials in Eq. (IB2b . as discussed in Ref. 
[95I . As is further discussed there, impurities in the region 
—L/2-\-i < X < L/2 — ^ of the superconducting wire cause 
backscattering/phase slip processes which split the ground 
states. A single impurity of strength v causes a splitting 



AE oc (vcos(\/2(/)p)) 



oc 



(B3) 



while a random distribution of impurities of variance W 



AE (X 



W 



(B4) 



Therefore, this is a system in which the nearly degenerate 
ground states have a splitting which decays as a power-law 
XjL^pl^ or L^p~^ in system size. Meanwhile, the overall 
total charge mode of the system is a gapless relativistic free 
field in the thermodynamic limit, so the bulk gap in a finite- 
sized system is oc This is, therefore, another system 
in which gapless excitations coexist with a power-law split 
topological degeneracy. 

Unlike in the previous 3D example, however, this system is 
not impervious to coupling to gapless excitations. If a metal- 
lic lead were coupled to the end of such a wire, then there 
would be a term in the effective Lagrangian (without loss of 
generality, we have coupled the lead to the x = —L/2 point). 



i^lead=r^^(0)e^' 



?i(0)V2 _ 



h.c. 



(B5) 



where ^{x) is the electron annihilation operator in the lead. 
Since d\ = (6'+ + ^_)/2 and d- is fixed to be at one of the 
minima of the sinusoidal potential in Eq. (IB2I) . the scaling di- 
mension of r is determined by the scaling dimension of the 
total charge mode 6>+ . If the Luttinger parameters in the semi- 
conducting and superconducting wires satisfy K\ = K2 = 
2Kp (which can accommodate the case in which the semicon- 
ducting nanowire has repulsive interactions while the super- 
conducting nanowire has attractive interactions), then e*^+/^ 
has scaling dimension 1 / {^Kp). Consequently, has scaling 
dimension 1 — 1/ {2Kp). Since Kp < 1 if the superconducting 
wire has attractive interactions, tunneling into the Majorana 
zero mode is a highly relevant perturbation. Therefore, this 
system is only stable if fermion parity is enforced. 
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